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Abstract. We study the Bergman kernel and projection on the worm domains 
D,3 = [ceC': Re(Cie-^'°slC2|^) >o, |log|C2n </5-f} 

and 

D'^ = [zeC^: |lmzi-log|z2p| < |, | log |z2p| < /3 - |} 
for P > TT. These two domains are biholomorphicaUy equivalent via the mapping 

D'fj 3 (21,2:2) ^ {e"\z2) 3 Dp. 

We calculate the kernels explicitly, up to an error term that can be controlled. 

As a result, we can determine the L^'-mapping properties of the Bergman pro- 
jections on these worm domains. Denote by P the Bergman projection on Dfj and 
by P' the one on D'^. We calculate the sharp range of p for which the Bergman 
projection is bounded on L^. More precisely we show that 

P' : LP{D'p) LP{D'p) 

boundedly when 1 < p < 00, while 

P : LP{Dp) LP{Dp) 

if and only if 2/(1 + vp) < p < 2/(1 — I'p), where I'fj = 7r/(2/3 — tt). Along the way, 
we give a new proof of the failure of Condition R on these worms. 

Finally, we are able to show that the singularities of the Bergman kernel on the 
boundary are not contained in the boundary diagonal. 



Introduction 

The (smooth) worm domain was first created by Diederich and Forn^ss [DF] 
to provide counterexamples to certain classical conjectures about the geometry of 
pseudoconvex domains. Chief among these examples is that the smooth worm is 
bounded and pseudoconvex and smooth yet its closure does not have a Stein neigh- 
borhood basis. More recently, thanks to work of Kiselman [Ki], Barrett [Ba2], and 
Christ [Chr] , the worm has played an important role in the study of the (9-Neumann 
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problem and Condition R (see [CheS]). Recall that Condition R for a domain Q is 
the assertion that the Bergman projection maps C°°(f2) to C°°{fl). Work of Bell 
[Bel] has shown that Condition R is closely related to the boundary regularity of 
biholomorphic mappings. See also [BoS2] . Condition R fails on the worm domains. 

In more detail, in the seminal paper [Chr], Christ shows that the (9-Neumann 
problem is not globally hypoelliptic on the smooth worm domain. It follows then that 
Condition R fails on the smooth worm. Christ's work provides considerable motiva- 
tion for attaining a deeper and more detailed understanding of the Bergman kernel 
and projection on the worm domains. That is what the present paper achieves — for 
the particular worm domains^ 

Dp^[C^C': Re (Cie-^^^^l^^^ > 0, | log 1(2^ < P 

and 

L>^=|zeC^ |lm^i -logical' I < |, llogl^sH <P 

It should be noted that these two domains are biholomorphically equivalent via 
the mapping 

{zi,Z2) ^ D'p^ {e^\z2) 3 Dp. 

Moreover, these domains are not smoothly bounded. Each boundary is only Lips- 
chitz, and, particularly, its boundary is Levi fiat, and clearly each is unbounded. 

These domains are rather different from the smooth worm W/j (see [CheS] and 
the discussion below), which has all boundary points, except those on a singular 
annulus in the boundary, strongly pseudoconvex. However our worm domain Dp is 
actually a model for the smoothly bounded Wp (see, for instance, [Ba2]), and it can 
be expected that phenomena that are true on Dp will in fact hold on Wp as well. 
We will say more about this symbiotic relationship below. We intend to explore the 
other worms, particularly the smooth worm, in future papers. 

The first author thanks Michael Christ for a very helpful conversation. He also 
thanks the Mathematical Sciences Research Institute and the American Institute of 
Mathematics for generous and gracious support during a part of the writing of this 
paper. 
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1. Statement of the Main Results 
Throughout this paper we work on worm domains in C^. 

If r > then we let = {x G E : — r < x < r} = [— r, r]. Let P > 7r/2 and let 
W denote the domain 



= {(^1,^2) e : 1^1 - e^i°gl^^lY < 1 - ry(log \z2\')] , 



where 

(i) 77 > 0, 77 is even, 77 is convex; 

(ii) ^-i(0) = 7^_./2 = M + f,/3-f]; 

(iii) there exists a number a > such that r]{x) > 1 if x < —a or x > a; 

(iv) r]'{x) ^ if r]{x) = 1. 

We will also write W = Wp. Notice that the slices of W for Z2 fixed arc discs 
centered on the unit circle with centers that wind {2/3 — 7r)/27r times about that 
circle as \z2\ traverses the range of values for which 77 (log \ z2\'^) < 1. 

It turns out that W is smoothly bounded and pseudoconvex (see [CheS]). It is 
the classical, smooth worm studied by Diederich and Fornaess (see [DF]). Moreover, 
its boundary is strongly pseudoconvex except at the boundary points (0,6*^°^'^^' ) 
for I log |-22p| < 13 — 71/2 — see [DF] or [CheS]. Notice that these points constitute 
an annulus in dWp. 

Starting from work by Kiselman [Ki], Barrett [Ba2] showed that the Bergman 
projection Pvv of W does not map the s-order Sobolev space 1^*(W) boundedly into 
itself when s > up, where 

^^ = 2^. w 

is half the reciprocal of the number of windings of W. 

In a later paper [Chr], Christ showed that the 9- Neumann problem is not globally 
hypoelliptic on W, a fact that is equivalent to the property that Pyv ■ C°°{W) -f^ 
C°°(VV). In other words, W does not satisfy Condition R. 

It is still an open question, of great interest, whether a biholomorphic mapping 
of W onto another smoothly bounded pseudoconvex domain extends smoothly to 
a diffeomorphism of the boundaries. In this direction, it is worth mentioning that 
Chen [Chel] has shown that the automorphism group of W reduces to the rotations 
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in the 2:2- variable; hence all biholomorphic self -maps of W do extend smoothly to 
the boundary. 

It is also noteworthy that Chen [Chel] and Ligocka [L] have independently 

showed that the Bergman kernel of W cannot lie in C°°(VV x W \ A), where A 
is the boundary diagonal. In fact, in [Chel] it is shown that this phenomenon is a 
consequence of the presence of a complex variety in the boundary of W. 

There are other worm domains, which are neither bounded nor smooth, that are 
nonetheless of considerable interest. These are: the unbounded, non-smooth worm 
with half-plane shces 

Dp = {(Ci,C2) e : Re(Cie-i°^l^^l') > , | log 1(2^1 </?- |} (2) 
and the unbounded, non-smooth worm with strip slices 

D'f, = \^{zi,Z2)eC^ : |lm;2i-log|^2r| < |,| log 1^21'! </5-f } • (3) 
These domains are biholomorphically equivalent via the mapping 
^■.D'p3 (zi, Z2) ^ ie'\z2) = (Ci, C2) e Dfs . 

Kiselman introduced the domains Df^, D'l^ in [Ki]. In his fundamental work [Ba2], 
Barrett showed that it is possible to obtain information on the Bergman kernel and 
projection on W from corresponding information on the non-smooth worm Dfj by 
using an exhaustion and limiting argument. 

It is therefore of interest, in its own right and as a model for the smooth case, to 
study the behavior of the Bergman kernel and projection on the domain Dj^ and its 
biholomorphic copy D^. It is obvious from the transformation rule of the Bergman 
kernel (see [Krl]) that it suffices to obtain the expression for the kernel in one of 
the two domains. However, the Z^-mapping properties of the Bergman projections 
of the two domains turn out to be substantially different (just because W spaces 
of holomorphic functions do not transform canonically under biholomorphic maps 
when p ^ 2). 

In this paper we determine, in Theorems 1 and 2, the explicit expression for 
the Bergman kernels for Dp and D'^ — up to controllable error terms. Once these 
are available we study the L^-mapping properties of the corresponding Bergman 
projections in Theorems 3 and 4. 

More precisely we prove the following results. 

Theorem 1. Let cq be a positive fixed constant. Let xi be a smooth cuf-off function 
on the real hne, supported on {x : < 2co}, identically 1 for \x\ < Cq. Set 
X2 = 1 - Xi- 

Let P > n and let up be defined as in (1 ). Let h be fixed, with 



vp < h < min(l, 2i'p) . 



(4) 
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Then there exist functions Fi, F2, . . . , Fg and Fi, F2, . . . , F^, holoinorphic in z and 
anti-holomorphic in w, for z = {zi, Z2), w = {wi,W2) varying in a neighborhood of 
D'p, and having size 0{\Y{BZi—Y{.e'w-i\), together with all their derivatives, for z,w e 

D'p, as iRezi — Rewil — > +00. Moreover, there exist functions E,E e C°°{D'^ x D'^) 
such that 

D^^Dl^E{z,w), DlDl^E{z,w) = 0{\Rez, - Re«;i|l"l+I'^l) , 

as jRezi — Reifil +00. (Here, for X e C, Dx denotes the partial derivative in X 
orX.) 

Then the following holds. Set 

J. , X ^ Fi{z,ui) 

""^^^ {i{zi - wi) + 2/?)2(e(/3-/2) - ^2^2)2 
^ F2{z,w) 



+ 



+ 



{i{zi - wi) + 2/3)2(^2^2 - e-W^i-^i)+^l/2)2 
F3{z,w) 

^[n-i{z,-Wr)]/2 _ ^2W2)2(e(/3-'^/2) _ ^^^2)2 

F4{z,w) 



{i{zi - wi) - 2/3)2(e['^-^(^i-^i)l/2 - ^2^2)2 

, n(^.»0 

{i{zi - wi) - 2p)^{z2W2 - e-(/^-'^/2))2 
Fejz.w) 

(e-[i(^i-m)+7r]/2 _ ^2W2)2(e-('3-^/2) - Z2W2y 

Friz, w) 



'zi - wi) + 2/3)2(e(/^— /2) - 22^2)(e-W^i-^i)+'^]/2 - Z2W2) 

Fs(z,w) 

(tizi - wi) - 2/3)2(e-('3--/2) _ ^2^2)(e[--^(^i -^1)1/2 - Z2W2) 
= Ki{z,w) + --- + K8{z,w) + E{z,w) . (5) 

Define by replacing Fi, . . . ,Fs and E by Fi, . . . , Fg and E and thus Ki, . . . ,Ks 
by Ki, . . . , Ks respectively in formula (5). 

Then there exist functions 0i, 02 entire in z and w (that is, anti-holomorphic in 
w ), which are of size 0(| Re — Re wi | ) , together with all their derivatives, uniformly 
in all closed strips {|Imzi| + llmi/;!! — such that the Bergman kernel K^i^ on 
D'lj admits the asymptotic expansion 

Kd'^{z, w) = xii^e zi-Rewi)Kb{z,w)+X2{Re zi-Rewi)i^e-'''^'''^^''''-^^^^ 



j^Q-i^l3Sgn(Re zi-Rewi)-(zi-wi) 



{zi,Wi) (t>2{z,w) 



(^g[7r-i(zi-u;i)]/2 _ Z2W2Y (e~[*(^i~"'i)+'^]/2 — 2;2ly2)^ 
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Here h is specified as in (4) above. 

Theorem 2. With the notation as in Theorem 1, there exist functions gi,g2, 
Gi,G2, ■ ■ ■ ,Gs and Gi,G2, ■ ■ ■ , Gg, holomorphic in ( and anti-holomorphic in u, 
for ( = (d, (2), = (<^i, ^^2) varying in \ {(0, Z2)}, such that 

where G denotes any of the functions gj , Gj , Gj . Moreover, there exist functions 
E,E eC^{D^\{iO,Z2)} xD^\{{0,Z2)}) such that 

DlDlE{C,uj),DlDZ^E{C,uj) = 0{\C,\-\^\\u;^\-\^\) as |Ci|, |c.i| ^ . 

(Here Dx, for X e C, denotes the partial derivative in X orX.) 
Then the following holds. Set 



zlog(CiM) + 2/?)2(e(/^-/2) - C^^uJ^)2 

G2iC,w) 



+ 



+ 



(zlog(CiM) + 2/5)2((CiM)-V2e-/2 - c,uj,y 

G3{C,w) 

((CiM)-/2eV2 - C2cJ2)'(e('3-/2) - C,uj2r 
G,iC,w) 



+ 



+ - 

+ 



ziog(CiM) - 2/3)2((CiM)-/2gV2 _ (,^2)' 



zlog(CiM) - 2/3)2(e-(/^-/2) - (2072)2 
GeiCw) 



+ 



(zlog(ClM) + 2/3)2(e(/3-/2) _ C2CJ2)((ClM)-*/'e-/2 - ^2072) 



GsiCw) 

(^log(CiM) - 2/3)2(e-(/^-/2) - C2cI72)((CiM)-V2eV2 _ ^^2) ^^'"^^ 
= H,{Cu) + --- + Hs{Cio) + E{C,u;) . (6) 

Define H^ by replacing Gi, . . . , Gg and E by Gi, . . . , Gg and E, and Hi, . . . , -ffg by 
Hi,. . Hs, respectively. 
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Then, setting t = \ — \u!i\, we have this asymptotic expansion for the Bergman 
kernel on Dp: 

KDg{{ClX2), (^1,^2)) 



^C/2(C,^) 1 



Cio^i {{Ci/uJi)-'/^e-/^ - Z2UJ2Y 
where h is defined in (4). 

Theorem 3. Let P denote the Bergman projection on the domain Dp, P > n. Then 

P : I/iDp) ^ LP{Dp) 

is bounded if and only if 

2 2 

< p < 



l + i^p l-vp 

Theorem 4. Let P' denote the Bergman projection on the domain D'p, P > n. 
Then 

P' : L^iD'p) L^iD'p) 

is bounded for 1 < p < 00. 



Remark. A comment about the parameter is now in order. The definition of 
Dp and D'^ (as weU as the one of Wp) requires that f3 > 7c/2. 

However, for simphcity of the arguments, in this paper we restrict ourselves to 
the case /? > tt. This is not a serious constraint. The most interesting situations 
occur as /3 — > +00 (which means more twists in the geometry of the worm) , and we 
beheve that the expansion of the Bergman kernels for Dp and Dp (Theorems 1 and 
2) will extend to the case 7r/2 < /? < vr. 

On the other hand, the result about the L^ boundedness of the Bergman pro- 
jection on Dp (Theorem 4) requires that uj,, defined in (1), satisfies up < 1. It is 
immediate to check that up < 1 if and only if /3 > tt. It would therefore be of interest 
to study the boundedness of the Bergman projection on Dp when 7r/2 < /? < tt. 

The paper is organized as follows. In Section 2 we discuss the singularities of 
the kernels whose expansions are given in Theorems 1 and 2. Theorems 3 and 4 of 
that section treat the boundedness of the Bergman projection. Section 2 also 
contains a comment concerning the failure of Condition R on the worm domains. 
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l0g|Z2|= T(IniZ -^/2) 



Figure 1. A representation of the domain D'^. 

In Sections 3 and 4, assuming the vahdity of the expansions in Theorems 1 and 
2, we prove Theorems 4 and 3, respectively. 

Section 4 records (Theorem 4.2) an exphcit result about limitations of bound- 
edness of the Bergman projection on the smooth worm W/j. This result is proved 
by way of an exhaustion procedure a la Barrett [Ba2]. 

Sections 5 through 11 are devoted to the proof of the expansions (i.e., Theorems 

I and 2) for the Bergman kernels on the worms and Dp. We do the bulk of our 
work in this paper directly with D'^. At the end, we shall transfer the result to Dp 
via a biholomorphic mapping. 

It is worth noting that the proofs of a number of our more technical results, in- 
cluding Proposition 9.1, Lemmas 9.2-9.5 and Lemma 11.1, are relegated to Section 

II of the paper. 



2. Analysis of the Singularity of the Bergman Kernels 

Singularities of the Kernel on D'^. We can draw a picture of the section of D'^ 
in the (Im2;i, log |z2|)-plane. 
Recall that 

D'p = \^{zi,Z2) G : |lm2;i -logl^sTI < |> |logk2r| < /^^ ^} > 
and recall the expansion of Kjji given in Theorem 1. 
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We begin by analyzing the behavior at the "bounded portion of the boundary" . 
Then (using the notation from Theorem 1) we notice the following facts: 

(Ki). For z,w E D'p the term Ki becomes singular (if and) only if 

Z2W2 e'^-^l'^ or Im {zx -Wi) . 

This can happen only if log 1 2:2 log|-u;2p (3 — tt/2. Thus Ki is singular only 
when both z and w tend to the top side of the domain in Figure 1. 

Notice that the top right corner of the domain in Figure 1 does not correspond 
to a single point in the domain D'^^. In fact, we could rotate in the 2;2-variable as well 
as translate the 2;i-variablc by a real constant. Thus the singularity of the kernel 
Ki is not contained in the boundary diagonal of x D'^, since for w G D'^ fixed, 
the singular set is {(-21,-22) e : I-22I = e[^-''/2]/2^ _(^^ - vr) < Imzi < The 
interior of this set has real dimension 3. This phenomenon appears in the case of 
all the other terms, and we shall not repeat this comment again. 

This term is symmetric to Ki and it is singular as 

log I-22P, log |w2p — > — (/3— 7r/2) and, in this case, also when Im2;i,Imwi —j3 . 

Thus, is singular only when both z and w tend to the lower side of the domain 
in Figure 1. 

{K2). For z,w E D'p the term K2 becomes singular (if and) only if 

Z2W2 e-[^(^i-^^)+"l/2 or Im {zi - uJi) ^ 2f3 . 

This can happen only if log \z2\'^ ^ Ira Zi — ^ and log \z2\'^ ^ Ira Zi — ^ and thus K2 
is singular only when both z and w tend to the right oblique line that bounds the 
domain in Figure 1. 

{K4) . This term is symmetric to K2 and it is singular on the left obhque fine of the 
domain in Figure 1. 

{Ks, Kq). The kernel is singular when 

Z2W2 e^^-'^"'^^/^ or Z2W2 e^-'^/^ . 

Therefore K3 is singular when both z and w tend to either the upper horizontal line, 
or the right oblique line on the boundary of the domain in Figure 1. 

Analogously, the kernel Kq is singular when both z and w tend to either the lower 
horizontal line, or the left oblique line on the boundary of the domain in Figure 1. 
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{Kr, Ks). Finally, these kernels have singularities of types that have been discussed 
already. In fact, there exists a constant C > such that 

\K,{z,w)\ < C{\K^{z,w)\ + \K2{z,w)\) , 

and 

\K8{z,w)\ < C{\K,{z,w)\ + \K,{z,w)\) , 

We finish this part by noticing that, as |Re Zi\, |Re Wi| +00, the principal term 
of the kernel is ~ g-t'/slR-e^i-Reujii^ ^ Theorem 1 clearly indicates. 



Singulcirities of the Kernel on £>^. Now we turn to the Bergman kernel for the 
domain D^; we recall that the latter is given by 

Dp = {(Ci,C2) e : Re(Cie-^'°sl^^l^) > 0, | log 1(2^1 < P ' 1} ■ 

The kernel is described in Theorem 2. 

First of all, we comment on the definition of the function logd on Dp. For 
( = (Ci,C2) e Dp and C2 fixed, Ci varies in the half-plane Re (Cie-^'"^!^^^-) > g, that 
is, 

-| + log |C2r < argCi < I + log |C2r . (7) 

Therefore logCi is well defined as a function of (Ci, C2) £ Dp. 

Notice also that Dp can be described by inequality (7) together with the condition 
— (/?— 7r/2) < log < 7r/2. These inequalities also imply that —(3 < argd < 



The terms ilog(Ci/u;i) ± 2/3 in the expansion for the kernel become singular as 
argCi, arga;i ±/3. But this can happen only if log IC2P, log |a;2p ±(/3 — 7r/2), 
that is \C2UJ2\ e^^'^-^/^). 

Next observe that \C2UJ2\ ^ e'^/^ | (^CiM) ^^^^ | = e'^/^T^^^'s^i+^-'S'^i^/^ which occurs 
exactly when 

TT TT 

log|C2r ^ 2 ^^^S^i log|a;2|^ ^ -Targa;i. 

Failure of Condition R. From the expansion given by Theorem 2 it is clear 
that, for any to & Dp fixed, the 74^(£)^) -function Kj:,g{-,uj) does not belong to 

L'^{Dp, \Ci\~'^''i'dV). This in particular implies that Kd^I-^oj) ^ ^^{Dp) and that, 
therefore, condition R fails on Dp. This fact was already implicit on the work of 
Barrett [Ba2], and it appears explicitely in [CheS] Prop. 6.5.5. 
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3. BOUNDEDNESS OF THE BERGMAN PROJECTION ON D'^ 

We now come to the proof of Theorem 4. By the asymptotic expansion of the 
Bergman kernel of D'^ given in Theorem 1 and the discussion in the previous section 
we have that 

\Kd'^{z,w)\ 

< Ce-^\^^''-^^'"'\(\Ki{z,w)\ + ■ ■ ■ + \K^{z,w)\\) 

= B^{z,w) + --- + B^{z,w), (8) 

where h is as in (4) of Theorem 1. Therefore, in order to prove the boundedness of 
the Bergman projection P^^, it suffices to prove the boundedness of the operators 
Tbj , . . . , with positive kernels Bi,...,B^, respectively. 

We will show that the operators Tb^ , , Tb-^ and Tb^ and Tb^ are bounded on 
LP{D'g), for 1 < p < 00. The boundedness of the remaining operators will follow by 
completely analogous arguments because of the symmetries discussed in the previous 
section. 

In the course of the proof of Theorem 4 and of the next few lemmas, we will 
make use of the classical Schur's lemma (for which see, e.g., [Z], or [Sa]). We will 
also use the following estimates of "Forelli-Rudin" type (see [FR]). 

Lemma 3.1. (i) Let 0<R<Q,0<p<l and q > 0. Let A,r denote (single) 
complex variables. Then there exists a constant C > such that, for all \t\ < R, we 
have 

^ ^ ^ ^dV{\) 



\x\<R {Q'-WY{R'-Wy\Q'-TX\^ 

< Cmin 



11 1 



(Q2 _ R2)q (1 _ |^|2)p' (1 _ |^|2)p+9 

(ii) Moreover, if a > 0, then there exists a constant C > such that 

f + OO 



I 

J — c 



^-h\x\^^ + \x\) 1 



„ „ dx <C ■ - 
+ a 

as a — > O"^ . Here h is a fixed positive constant. 

Proof. Fact (i) is an immediate consequence of the classical ForeUi-Rudin type es- 
timates (e.g. see [Z]), since (Q^ - lAp)"'? < (Q^ _ i^2)-g_ 

Fact (ii) follows by the change of variables x = ay and a simple pointwise 
estimate. We leave the elementary details to the reader. □ 
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Proposition 3.2. For z,w e D'^ let 

^-h\Rezi-Rewr\^l + \Re Zi - Rewi\) 



Bi{z,w) 



|2 ' 



\i{zi - wi) + 2/? I \el^-^/'^ - Z2W2\ 
where h is defined by (4), and let T — Tb^ he the integral operator 

Tf{z)=TBj{z) = [ B^{z,w)f{w)dV{w) . 

Then T : i/(L>;^) ^ I^(D'f^) for 1< p < oo. 

Proof. Let a > be a number to be specified later and define 

VpH = [(e'^--/2- |^2p)(/3-Imw;i)]-" . (9) 

We wisli to sliow (following the paradigm of Schur's lemma) that there exists a 
constant C > such that 



Bi{z,w)(pP{w)dV{w) < CipP{z) (10) 

and 



/ Bi{z,w)ipP'{w)dV{w) <CipP'{z) (11) 

for all z G D'g. where p' is the exponent conjugate to p. 

We write wi = t + iu, and we break the region of integration into three parts: 

El = D'0 r\{w : -p <u < -p + 71} , 

E2 = D'^n {w: -(3 + 7r<u<(3-7r}, 

E3 = D'f^n{w: l3-7i<u< f3} . 

Let Ji, I2, and respectively denote the integrals over Ei, E2 and E^. Then, 
applying Lemma 3.1, we see that 



h = [ Bi{z,w)cpP{w)dV{w) 

J El 

J —00 J — 



-/3+7r g-^(IRe^i-tl)^^ ^ ^YieZi - t\) 1 

3 (Re zi - ty + {213 - Im ^1 - uf (/? - u) 



ap 



X 



f f — 2 dV{w2) dudt 

J Je[-'3+''/2]/2<|wJ2|<e["+'^/21/2 - |-U;2p) '^|e^~'"/2 - Z2W2\ 



^^(e/3-V2_ |^2P)'^^y-oo 7-/3 (Re - t)2 + (2/3 - Im ^1 - m)2 (/3 - u)^p '^'"^^ 



< Ci^{z) . 
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The estimate for I2 is similar. Applying Lemma 3.1 (ii) we have 
72- / Bi{z,w)^pP{w)dV{w) 

-y_oo J-B+n (Re^i - t)2 + (2/5 - Im;^! - uf {(5 - uY^ 

X ^ 2 ^^(■"^2) dudt 

J jg[_„+^/2i/2<|^2|<e["+'^/2i/2 (e^-'"/^ - 1^2^) \ef^-^/^ - 2:2^21 

{eP--'^-\z2?Y^ J-00 (Re ^1 - t)2 + (2/3 - Jm ^1 - «)2 (/3 - '^''^^ 



Finally, we estimate Is. For < a < 1/p we have 



Bi{z,w)(fiP{w)dV{w) 
E3 



< 



-+00 z-/? ^-h{\Rez,-t\)(^i ^ _ ^ 

- J-00 V, (Re^i - t)2 + (2/5 - Im^i - w)^ (/? - k)»p 

X / / 2 c?^(w2) c?Wi 

1 /•+°° /•'^ e-''(l^^^i-*l)(l + |Re;2i 1 

-^P=V^^^^^y_^ y^_, (Re - + (2/3 - Im - u)^ {P - U^P '^'''^^ 
1 1 1 

- ^(e/^-'^/2 - \z2\''Yp Jfs_^ 2/3 - (Im^i +«)(/?- ' 

Now, by a simple change of variables, we see that the last integral above equals 

1 1 r 1 1 

dv < C — dv 



v + P-lmzi{l- e-'^yp ~ Jq v + l3-\mzi v°-p 

~ {(3-lmziYP ' 

again, as long as < ap < 1. Inserting this estimate into (12) we obtain that 
-^3 < CipP{z), provided that < a < 1/p. 

Now, we may repeat the previous argument, with p replaced by p', to obtain that 



B^{z,w)ipP {w)dV{w) < CifP (z) 
provided that < a < 1/p'. 
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Choosing a such that < a < min(l/p, 1/p') we can find ip so that (10) and (11) 
are satisfied. This concludes the proof. □ 

Proposition 3.3. For z,w e D'^ let 

^~h\Rezi-Rewi\(^l + |Re - Re^il) 



B2{z,w) = 



|2 ' 



i{zi - wi) + 2/3| |eH(^i-"'i)+'^]/2 _ ^^-^^^ 
where h is as specified in (4), and let T — T^j be the integral operator 

Tf{z)= [ B2{z,w)f{w)dV{w) . 

Then T : i/(L>;^) ^ I^(D'f^) for 1< p < oo. 

Proof. The proof follows the same lines as the previous one. 
For < a < min(l/p, 1/p') we now define 

^(w) = [(eP-"'i+'^/2l - \W2\^){I3 - Imwi)]'" (13) 

and, again, we wish to show there exists a constant C > such that 

/ B2{z,w)(pP{w)dV{w) < CipP{z) 

and 

B2{z,w)fP'{w)dV{w) < CipP'iz) 



Id' 



for all z e D'p. 

We consider the former integral first. Once more we write wi = t + m, break the 
region of integration into £"1, E2 and £"3, defined as in the proof of Proposition 3.2, 
and call the respective integrals /i, I2 and I^. 

We begin with 73. Using Lemma 3.1, (i) and (ii), we have 

-00 e-'*(l^^^i-*l)(l + |Rezi-i|) 1 



h<C 



/+00 pp 
_^ (Re z^-tf + {2(5 - Im ^1 - ti)2 (/3 - 

X f f 2 '^^('"^2) dudt 



1 r+00 .0 e-'^(l^^^i-*l)(l + |Rezi-i|) 

- ^ {eP--/^-\z2?y'' {Rez,-tf {2(3 - lu.z,-uY {(3 - uY^ ^""^^ 



(e/3-V2 _ \z^\2yP J^_^ (2/3 - Im^i - u){P - uY^ 



< C— rr-^— rrTTST / T^TT^ Z — TTT du 

Jb-tt 



<c 



< C(fP{z) . 



ap 



THE BERGMAN KERNEL AND PROJECTION ON WORM DOMAINS 15 



Next we turn to l2- We have that 

.+00 ./3-^ e-''(l^^^i-*l)(l + |Rezi - t|) 1 



/ 

-oc ./ — 



(Re ^1 - tf + {213 -Imzi- uf {/3 - u] 



ap 



X f f r2 dV{w2) dudt 

J Jel-"W21/2<|^2|<e[«+W21/2 {e^n+TT/2] _ juJaP) P|e/5-'r/2 - Z2W2\ 

^ „+oo ./3-^ e-^(l^'=^i-*l)(l + iRe^i 1 

<C- ' 



(e/3-^/2_|^2|2)«f 

< CipP{z) . 

Finally we estimate Ji, where again we use the fact that the integrals in u and t 
are bounded uniformly in Zi. 

.+00 .-/3+,r g-M|Rezi-t|)(^;L ^ _ ^ 

/i < c 



^ {Rezi-ty + {2p-lmz,-u)^(3-uYP 
X I I 2 dV{w2) dudt 

J Jel-/3+-/21/2<|«,2|<e[-+-/2]/2 (e["+'^/21 - |w2|2)"^|e^-'^/2 - ^2^2! 

Again, we may repeat the argument with p replaced by p'. This concludes the 
proof. □ 

In the proof of the next proposition we shall again need the following "ForeUi- 
Rudin type estimate" (see also Lemma 31. above). 

Lemma 3.4. (i) Let 0<R<Q, q>0 and let m — min(^, Q). Let A, r denote 
(single) complex variables with |r| < m and |A| < R, and ^ e R. Then, for 
< a, 6 < 1, there exists a constant C > such that 

ixi<Biiie-e«TAp' w-t\\^ ' (ff - ixmQ" - m" '''' 



(Q^-R'^y (m2-|r|2)» |g2 _ gie||^|2| 

as |A| R~ , R S~ , and \t\ — >• q~ . 

(ii) Let 5 > Q and < 6 < 1. Then there exists a constant C > such that 



+°° e-'^N(l + |x|) 1 



li_^gix|i+5 - {i-hy 
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Proof. Although this is a fairly straightforward proof, we sketch it here for com- 
pleteness and for the reader's convenience. 

In order to prove part (i) we claim that, for < a < 1, there exists a constant 
C > such that, for all r, r' in the unit disk, 

^ g |i ',-12 ■ - k'r)"°. (1 - M'r'} ^ 

Given the claim, part (i) follows by noticing that (Q^ — |Ap)~'' < (Q^ — -R^)"'' and 
rescaling. 

In order to prove the claim, one first integrates over the region £" = |A : |1 — 
't'M ^ 7|1 ~ '''-^l}' some 7 > to be chosen later. Then one integrates over the 
symmetric region £"=|A: |1 — tA|<7|1 — t'A|}, and then on the unit disk with 
E U E' removed. 

The proof of (ii) is achieved by noticing that the integral is controlled by a 
constant times 

1 1 

io {1 - by+' + x^+' - {1 - by ■ 

This concludes the (sketch of the) proof of the lemma. □ 



Proposition 3.5. For z,w e D'^^ let 

^-h\Kezi-Rewr\(^l + \Re Zi - Rewi\) 



|g[7r-i(zi-«)i)]/2 _ ^2^2!^ 16(^-^^/2) - Z2W2? ' 



where h is defined in (4), and let T = Tb-^ be the integral operator 

TbJ{z)^ I Bs{z,w)f{w)dV{w) . 

Then T : LP{D'g) LP{D'p) forl<p<oo. 

Proof. For < a < min(l/p, Itt') we now define 

ip{w) = [{m{wy - \w2\^){e^-^/^ - 1^2!')]"'' (14) 

where m{w) = min(e['^^'^/2]/2, eP™^^"'"'^/^]/^). Again, we wish to show there exists a 
constant C > such that 



Bs(z,w)ipP(w)dV(w) < CifiP(z) 

and 



B^{z,w)ifP {w)dV{w) < CcpP (z) 

D' 
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for all z e D'p. 

Once more we write Wi — t + iu, break the region of integration into Ei, E2 and 
£■3, and call the respective integrals /i, I2 and I^. 
Then we have, 

I <C ff e-'^(l^^^i-*l)(l + |Re^i -t|) 

^~ J-00 J-13 yye[-/3W2]/2<|^2|<e["+''/2l/2 |e[''+^™^i+"~^(^^^i-*)l/2 - ^2^2]^ 

Now we change variables in the outer integral, setting s = t — Kezi, and we 
apply Lemma 3.4 (i) with et^+'^/^l/^ = R, el^-'^/^l/^ = Q, eP'"^i+^/2]/2 ^ ^. 



< C 



-00 J-P 7je[-/3W2]/2<|^2|<ek+'r/2]/2 |ek+Im2i+u]/2 _ g-is/2^2l(J2f 

X 7T ■ -— — Tjpfn ; r;™ dViwo) duds 

^ .+00 p/3+. e-'^(l^l)(l + |s|) 



2 



— ^g[Imzi+7r/2] _ l^^p^ap 

/-/3+7r 
.p ^e/3-7r/2g[Im2i+7r/2]/2 _ g[«+7r/2]/2 1 1 2) (e'^"'^/^ — e["+V2])ap 

Here we have applied Lemma 3.4 (ii) to the outer integral in ds. Now it is easy to 
see that the integral in du is uniformly bounded so that 

The proof of the estimate for I2 is identical to the one for /i and we skip the 
details. 

Finally, for 73 we begin by arguing as in the previous cases to obtain that 

/+00 rf^ r r 1 
e-^(\^\\l+\s\) // 1 p 

■00 7/3-7r JJel-/3+''/2I/2<|«;2|<e['3-''/21/2 |e['r+Inizi+«]/2 _ e-'^/'^ Z2W2\' 



h < 
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Again we apply first Lemma 3.4 (i), this time with eS^-'^l'^M'^ = ^^^■^I'AI'^ = 
and eP™^i+'^/^l/^ — g, and then part (ii) of the same lemma. We obtain 

_ e-'^(i^i)(i + |s|) 



X , „ , r , , \ nrt duds 

^ /* /y-i/ 

Jp-T, (e["+V2] _ e-pmzi+7r/2]/2g(/3-7r/2)/2|^2|2)(e["+'^/2l - e/^-'^/2)«P 

Now we recall that, for y > 0, if < ap < 1, 

/ dy < C — 

as y — > 0+. Then the last integral in the display above can be easily seen to be less 
or equal to a constant times (gP'^^i+'^/^l/^e^'^-''/^^/^ - |^2p)~"^- Therefore it follows 
that 

1 1 

^3 ^ ^(e/3-^/2 _ |^2|2)ap ■ ^g[Im^i+,r/2]/2g(/3-^/2)/2 _ \z^\2yP " ^'^(^) ' 

as it is easy to check. 

Again, we may repeat the argument with p replaced by p' and then obtain that 
T : LP{D'g) Lp{dC) is bounded for 1< p < oo. □ 



End of the Proof of Theorem 4- In order to conclude the proof of Theorem 4 we only 
need to show that the operators Tg^ and Tgg are bounded on L^(£)^), for 1 < p < cxo. 

The estimates for these kernels are simpler than the ones in 3.2-3.5. In these 
last two cases it suffices to consider test functions (f equal to 

(g[Im«;i+,r/2] _ I^^H"" and {\W2\^ - g?- "'l" ^2] ) -» 

respectively. 

To avoid further repetitions, we shall leave the simple details to the reader. □ 



4. BOUNDEDNESS OF THE BERGMAN PROJECTION ON Dp 

We now turn our attention to the LP boundedness of the Bergman projection 
operator on D^. Even though the domain is biholomorphic to D^, the LP 
behavior of the Bergman projection on these two domains is not a priori identical. 
That is because the space of Lp holomorphic functions for p 7^ 2 does not transform 
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canonically under the biholomorphic mapping. Put in other words, the Jacobian of 
the mapping plays a non-obvious role in the calculations. And in fact it turns out 
that (in contrast to the situation on D^) the projection is bounded on U'{D0) 
only for the restricted range 2/{l < p < 2/(1 — up). We shall now establish 

this last assertion. 

We shall use our asymptotic expansion for the Bergman kernel to determine the 
U' boundedness of the Bergman projection on the domain Dp. We remark that, in 
his review [Str] of Barrett's paper [Ba2], E. Straube describes some results that are 
related to those that are presented here. 

We begin with the negative result. Let 1 < p < oo and assume that P : 
LP{Dp) LP{Dp) is bounded. It follows that for any ( e Dp fixed, KDf,{-,0 e 
W' {Dp), where p' = — 1] is the exponent conjugate to p. 

For, if P = Pog is bounded, then for all / e I^iDp) and all C e Dp, 

\{f,Kn,{;C))\ = 1^/(01 < ccI|P/||l. < C||/|U. . 

Lemma 4.1. For any C ^ Dp it holds that Kogi-, C) e I-^{Dp) only if2/{l + up) < 
p<2/{l-up). 

Proof. Fix ( e Dp and define 

n^^{ueDp: < iCil , 1/4 < |e'^/2(CiM)±^/' - (20021 < 1/2} . 

Recall the expansion for the kernel Kijg{(, lo) given in Theorem 2. Then, for u; e Q^, 
we have that 

\H,{(,u;)\,\H~,{C,u;)\<Cc 
for some constant independent of u, so that 

\Kn,{C,u;)\>c^\u;ir-' (15) 

for u G 

Therefore 

/ \Kn,{;OfdV{uj)> [ \Kn,{;0\''dV{u;) 

>c^f (Ic^ir''-^)^' dV{u) = c rP'(-/3-i)+i dr . 

Jo 

Obviously for convergence we need p'{iyp — 1) + 1 > —1, that is p' < 2/[l — up]. 
Hence if p > 2/[l — i'p\ then the integral diverges. The other result, for p < 2/[l+up\, 
follows by duahty. This proves the lemma. □ 

For the record, we record now the fact that we can use Barrett's exhaustion 
procedure (see [Ba2]) to obtain a negative result with the same indices on the smooth 
worm W. Details of the proof appear in [KrP]. 

Theorem 4.2. Let V denote the Bergman projection on the smooth, bounded worm 
W = Wp, with (3 > 7r/2. Then, ifV : LP{Wp) LP{Wp) is bounded, necessarily 
2/[l + iyp]<p <2/[l -lyp]. 
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Next we prove the positive part of Theorem 3. 
Theorem 4.3. Let 2/[l + vp\ < p <2/[l - vp]. Then 

is bounded. 

In order to prove this fact we use the biholomorphism $ : D'^ Dp given by 
^{zi, Z2) = {e^\Z2), so that dct Jacc$ = e^^^. 

Therefore, by the transformation rule for the Bergman kernels via biholomorphic 
mappings, we wish to show that the integral operator T with kernel L{z, w) = 
e-^'KD'^{z,w)e'^' is bounded on Lp(L>^) when 2/[l + up] < p < 2/[l - z/^]. 

As in the proof of Theorem 4, we are going to use Schur's lemma. With the 
notation of Section 3, recalling (8), we have that 

\L{z, w)\ < Ce^'''^'-^''''\KD'^{z, w) \ < Ce^em-Re^i ^^^^^^ w) + ■ ■ ■ B^{z, w)) 

= Ai{z,w) + ---As{z,w). (16) 

For each j — 1, . . . , 8, we wish to determine a positive function on D'^ such 
that 

/ Aj{z, w)i)P{w) dV{w) < CijP{z) . 

As in the proof of Theorem 4, by symmetry it suffices to consider the cases of 
j = 1,2,3 and j = 7. 

Proposition 4.4. For z,w e D'q let 



Ai{z,w) = 



g— ^|Re zi — Re t«i 1 gRe wi — Re 21 


(1 + iRe^i - Rewil) 




\t{z,-wi) + 2p\''\ 


g/3-7r/2 _ Z2W2\ 


2 



for h as in (4), and let T be the integral operator 

Tf{z)= [ A,{z,w)f{w)dV{w) . 

Then T : LP{D'p) LP{D'p) for 2/[l + pp] < p < 2/[l - up]. 

Proof. Let a,b > and define 

,l;{w) = e-''^^"'! [(e^-'^/^ _ - Imwi)]'" . (17) 

Arguing as in the proof of Proposition 3.2, dividing the region of integration into 
£'iU£^2U£'3 and performing the integrations in W2 and Imwi (having set t — Rewi), 



THE BERGMAN KERNEL AND PROJECTION ON WORM DOMAINS 



21 



we find that 

Ai{z,w)ijjP{w)dV{w) 



E1UE2 



-j r+oc 

< C r a / + iRe^, - t\\e-^^Ut 

- (e/^-7r/2 _ |2;2|2)ap V I ^ 1^ 



1 r+oo 



e-/»(kl)e^(l + |g|^g-fep(5+Re^i) 
-00 



as long as < 1 — 6p < /i, that is ^ — /i < 6 < 

The same condition must be vahd for the conjugate exponent p', that is ^ — /i < 
h < which translates into \ — - — h < b < 1 — -. Assume that p > 2 for 
the moment. Then the intervals ~ ^) ^'^'^ ~ \ ~ ~ \) non-empty 
intersection if and only if 

1 1 , 

- > 1 /i; 

P P 

that is if and only il h > 1 — -. 

J p 

We recall here that h is assumed to satisfy < h < min(l, 2Ph) (see Theorems 1, 
2), and that p is momentarily assumed to satisfy 2 < p < 2/[l — Ub\. Then 1 — | < i/^ 
and we are done. 

The argument for p < 2 is similar, and we skip the details. 



Next, arguing again as in the proof of Proposition 3.2, we see that 
Ai(z,w)'ijjP{w)dV{w) 



-^(e/5-/2-|^2p)"^y-oo V. [(Re^i - t)2 + (2/3 - Imzi - (/5 - u)-p '^'^'^^ 

^^{eP--/'-\z2\'rP J-oo Jp-. [s' + (2/5 - Im ^1 - (/5 - u)-p 
-hpKezi ^ 1 

- (e/3-7r/2 _ |;22|2)«P 2/5 - (Im^i +u){(5- ^ 

p-6pRezi 1 

- ^ (e/3-V2 _ |^2|2)«P (/5 - Im^i)«P K^) ■ 

This concludes the proof of the proposition. □ 

The fact that the operators with integral kernels A2 and A^, are bounded on 
LP{Dp) for 2/[l + Vfs] < p < 2/[l — i/^] is proved following the same pattern as in 
the proof of 3.2-3.5 and 4.4. To avoid repetitions we leave the details to the reader. 



gi^/3|Rezi-Re«;i| _|_ 


iRe^i -Rewi|)e^^^i+^^"'i 




g[-i(zi— i«i)+7r]/2 _ ^2W2 


2 
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End of the Proof of Theorem 3. In order to finish the proof of Theorem 3, we show 
that the integral operator with kernel A'j[z, w) is bounded on U'{Df}) for 2/[l+i/^] < 
p < 2/[l - vp]. Here 

A^{z,w) = 

and we define 

for some a, 6 > to be selected later. 

Then, arguing as in the previous proof, we see that, for < a < 1/p, 

I A^{z,w)tpP{w)dV{w) 

J Dp 

1 r+oo 

<C^, —T^, / e-^''l^''^i-*l(l+ iRe^i -i|)e^*^^i+*e-*f*(it 

- (g[Im2i+7r/2] _ I ^2 1 2)-"?' } _^ ^ ' 

(g[Im2i+7r/2] _ \z^\^Y<^V J _^ ^ ' 

CijP{z) 

as long as < 1 — bp < Ub- 

The analogous condition with p' in place of p (and the same b) must hold. Again, 
we argue as in the proof of Proposition 4.4 to see that 

b e (l--,- -Vb] ifp<2 and b e ( 1 - - - Ub,-] if P > 2 
\ p p J \ P Pj 

satisfies the required conditions. 

This concludes the proof of Theorem 3. □ 



5. Decomposition of the Bergman Space 

In this section we begin our detailed analysis of the Bergman kernels on Dj^ and 
Dj3r, leading to the asymptotic expansions in Theorem 1 and Theorem 2. We follow 
the calculations in [Ki] and [Ba2] in order to obtain a decomposition of the Bergman 
space on the domains Dp and D'^. We in fact concentrate our attention on the latter 
domain. An analogous argument holds on Dp. Note that in the present context the 
usual transformation rule for the Bergman kernel will serve us well. Calculations on 
D'p will transfer to Dp automatically. 

Let the Bergman space A'^[D'p) be the collection of holomorphic functions that 
are square integrable with respect to Lebesgue volume measure dV on Dp. Following 
Kiselman [Ki] and Barrett [Ba2], we decompose the Bergman space as follows. Using 
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the rotational invariance in Z2 and elementary Fourier series, each / e A^{D'^ can 
be written as 



where each jj is holomorphic and satisfies jj{z\^e^^Z2) — e'^^^ f{zi, Z2) for 9 real. In 
fact, such an fj is given by 



fj(z,,Z2) ^ ^ f{z,,e^'z2)e-^^' de . 



Therefore 
where 

Ti^ = {/ e : / is holomorphic and f{wi, e'^W2) = e'^'^f{wi, W2)} ■ 
Notice that the function 

90(^1,^2) 



1 r 

— J^ f{z,,e''z2)e-'''d9 



is holomorphic on and depends only on \z2\- Therefore it must be locally constant 
in Z2. But, for all Zi, the set {z2 : (2^1,^2) G D'^} is connected, so that gj{zi,Z2) = 
hj{zi). Since fj{zi,Z2) = hj{zi)z2 is holomorphic on D'^, it is easy to see that hj 
must be holomorphic on the strip {zi : \y\ < (3}, where Zi = x + iy. 

The following result is contained in [Ba2] Section 3. (Further details can also be 
found in [KrP].) 

Lemma 5.1. Let /3 > 7r/2 and fj e W . Then there exists a function hj of one 
complex variable, holomorphic in the strip — {zi — x + iy,: \y\ < such that 
fj{zi,Z2) — hj{zi)z2. Moreover, hj is square-integrable on with respect to the 
weight 

Here Xs denotes the characteristic function of the interval [—s, s] for s > 0. 

If K is the Bergman kernel for A^{D'p) and Kj the Bergman kernel for W , then 
we may write 

oo 
j=-oo 

Notice that, by rotational the invariance property of W, with z — {zi,Z2) and 
w — {wi, W2), we have that 

Kj{z, w) — Hj{zi, Wi)z2wi . 
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Our job, then, is to calculate each Hj, and thereby each Kj. The first step of this 
calculation is already done in [Ba2], Section 2: 

Proposition 5.2. Let (3 > n/2. Then 

The papers [Ki] and [Ba2] calculate and analyze only the Bergman kernel for 
H'^ (i.e., the Hilbert subspace with index j — —1). This is attractive to do because 
certain "resonances" cause cancellations that make the calculations tractable when 
j = —1. One of the main thrusts of the present work is to perform the more difficult 
calculations for all j. 



Therefore it follows that the Bergman kernel K' for D'^ can be written as 
K'{z,w) = y^^Hj{zi,wi){z2W2y 

= g (^ X. =inhW)smh((2;3-.)(5-^)) "V '^'''^'^ ' '^'^ 
For {zi,Z2), (wi,W2) e D'p we set 

T ^ Zi-Wi, A = Z2W2 . 

Notice that, if Zi,Wi vary in Sp, then r varies in S2/3- Moreover, we set 

1 



27r sinh(7rO sinh((2/3 - 7r)(e - ^4^)) 



and 

/+00 
gjiOdC. (20) 
-00 

Remark 5.3. Thus, in order to determine the expression of the Bergman kernel for 
D'p, we have reduced ourselves to calculate 

E^^(^)^'' (21) 

for r e 82(3. The first task is to calculate Ij{T) for each j. We shall distinguish 
two cases according to whether |ReT| > cq or jRerj < cq, for some fixed (small) 

constant cq. 

When |Rer| > Cq we shall use the method of contour integrals, thus splitting Ij 
as sum of a residue Rj and of a term Jj coming from the contour integral. In this 
case, the expression of the Bergman kernel will be given by 

5]i?,(r)A^- + 5^J,(r)A^ 
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The term X^^^z -Rj(T)A-^ coming from the sum of the residues contains the main 
singularity as Rer — > ±00. 

When iRerj remains bounded we shall compute the expression of the Bergman 
kernel by computing the sum '^j^iIj{T)X^ directly. 



We begin with the analysis of the case |Re(r)| > Cq, for some fixed constant 
Co > 0. The following result is elementary. 

Lemma 5.4. The function gj is holomorphic in the plane except at the points 

?■ + 1 

^ = ki , keZ\{0} , ^ = + ikufs , e Z \ {0} , 
where is dehned in (1 ). Moreover, we have the residue 



^=i+l±i^^ 2ni 2 > sinh(7r^ ± iv^-k) ' 

Proof. Since 

1 1 

Res 



^=i±l±,,, sinh((2/3 - 7r)(e - ^)) 2/3 - tt ' 
the desired residues are 

^ 1 -iv^ e-«C 



27ri 2/3 — TT sinh(7r^) 



The assertion follows at once. □ 

Proposition 5.5. Let P > n and fix h such that 

Vj3 < h < min(l, 21/^) . 
For Rer > and Rer < 0, define respectively 

/ + 00 
g,{^±th)d^, (22) 

and recall that Ij is defined by (20). Then, for all j e Z, 

I.ir) = R,iT) + J.ir) . 

Proof. We assume that < 1, i.e. P > n, let z/^ be as in (1), and fix h such that 
Up < h < min(l, 2i/^) (that is, as in (4)). 

According to whether Rer > or Rer < 0, we choose the contour of integration 
7^ to be a rectangular box, centered on the imaginary axis, with corners a,t N + iO, 
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-N + iO, N± ih, and -N ± ih. Then 
2m Res gj = (b gj{^) 

-N JIm Ji_n J-n 



Here 1^ and /_Ar are the left and right edges of the box. Of course the first and 
last integrals on the right are taken over the (long) top and (long) bottom of the 
rectangles. The other two (i.e., second and third) integrals on the right are over 
the (short, vertical) ends of the rectangles. We next verify that the latter two short 
integrals tend to zero as N ^ +oo. We now restrict ourselves to the case Rer > 0. 
The argument in the case Rer < is completely analogous. 

In this case, the integral over the right vertical segment equals 

h rh ^,e'(z-^v)iN+^t}tm_rJy^i^^\ 

g{N + it)dt = z / TTV^^ r-7 T^dt. (23) 



/o sinh((2/3 - 7r)(A^ + it)) sinh(7r(A^ + it) - ^) 
Now we write t — u + iv. Then 

Re [iT{N + it)] = Re {i{u + iv){N + it)) = -ut - vN . 

Hence the size of the numerator of the integrand in (23) is Ne~^^ (as a function of 
A^). As for the denominator, notice that (for a and h real) 

sinh(a + ih) — sinh a cos h-\-i cosh a sin 6 , 

so that 

I sinh (a + ih)\^ — sinh^ a + sin^ h . 

Thus we may estimate the size of the denominator in (23) by C ■ e^^^ . 

But \v\ < 2/3, so the denominator swamps the numerator as N ^ oo. In conclu- 
sion, the integrals over 1^, (and, analogously, the corresponding integral over I^n) 
disappear for +oo. The result follows. □ 



6. The Sum of the Rj 

Recall that, for r G 82/3, the integral defining Ij converges absolutely. Recall also 
that we decompose Ij as Ij = Rj + Jj. 

We now define V to be the domain in given by 

{{r,X) : |lmT-log|A|2| <7r, e'^'^-'^/') < |A| < e^'^"'^/')} . (24) 



Then we have 
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Proposition 6.1. Let cq > be fixed. There exists a function E[r,X) G in a 
neigliborliood of P n {(r, A) : |Rer| > Cq} in such that D'^E = C(|Rer|") as 
jRerl — > +00 and such that, for (r, X) E T> with \ReT\ > Cq, 



where 

(^^(r, A) = ^e^-^Ae-[^-+-]/2(^i/^e-[*^+'^]/2 - {u^ - '-)X^ . 



The convergence of the series is uniform on compact subsets of V. 

Proof. We obtain the formula (25) by approximating the sinh function by an ex- 
ponential, summing the resulting geometric series, and then showing that the per- 
formed approximation gives rise to error terms that are more regular than the explicit 
term obtained by replacing the sinh functions by exponentials. 
Notice that, for a, 6 e R, a 7^ 0, |6| < tt, 

p|a| / -2sgn(a)(o+i6) 

— = 2sgn(a)e-*^sn(a)6 ^ ^ 

sinh(a + i6) ^ ^ ' \ 1 - e-2sgn(a)(a+«6) 




For simplicity of notation we momentarily restrict ourselves to the case Rer > 0. 
The argument in the case Rer < is analogous. Using Lemma 5.4 and Proposition 
5.5, we write 



TT sinh(7r^ -|- ivpi:) 
2 



TT 



•2+1 



sinh(7r^ -|- ivp'K) 2 sinh(7r^ -|- iv^'k) 



28 S. KRANTZ AND M. PELOSO 

We now use (26). The first sum that we must consider is 



■j+i 



Y — A^' 

^sinh(7r^ + ii/^7r) 



I _ ^-2^\i^\-2mu0a{j) s\nh{mv,,) ) 
= 2(Fi + ^i); (27) 
here (7(j) = sgn(j + 1). On the other hand, the second sum is 



^ 2 sinh(7r^^ + iTT^^) 



= 2(F2 + E2) . (28) 



Notice that then 

V R,{t)X^ = ?^e-^''^ [i/^(Fi + E,) + i{F2 + E^)] . (29) 

Now 

j>0 j<-l 

^ g-mt/;3+[iT-7r]/2 ^ (e[*'^"''J/^A)^ - e-*''^'5+[*^+''l/2 ^ (e"l'^+'']/^A"^)'' + ^'"""^ 

j>0 i>l 
g-i7ri/^+[ir-7r]/2 gi7rfc';3-[iT+7r]/2 giTri^/j 

1 _ eli^-M/^X ~ A - e-[*^+^l/2 ^ ■ 

Here, of course, the first sum converges for |e[*'^~'^J/^A| < 1 and the second sum 
converges for |e~[*'^+'^l/^A~-'^| < 1. So the full series, summed over j e Z, converges 
on the annulus eP"'^-^!/^ < lAl < gP'^^+'^l/^. 
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For F2, notice that the sum is precisely the same as the one we just computed 
except for a factor of ^ in front. Thus we can formally differentiate in r and obtain 

^2 idr 

1 g-«'f!'/3 + [«T-'r]/2 ]_ •^^i-KUp-[iT+-K]/2 

= 2(1- e^ir-A/^xy + 2 (A - e-[^^+^l/2)2 " 

Therefore 
vpFi + iF2 

(Q-iTrvg+[iT~Tr]/2 gi7rfc'/3-[iT+7r]/2 \ j / ^-iirL>g+[iT—rr]/2 ^gj7ri^/3-[iT+7r]/2 \ 
1 _ eli^-^y^X ~ A - e-[^^+^l/2 j ^ 2 V(l - el^^-'^l/^A)^ (A - e-[^^+'^]/2)2 j 

Hence, by (29) and (30), and recaUing that Rer > Cq > 0, we have 
5^i?,(r)A^ = 



where 



A) V?2(t,A) 

(1 _ e[iT-7r]/2_\)2 (A - £-[^^+'^1/2)2 



27r 



g-.,r+«.., + i£;2] , (31) 



^2(r, A) = ?^e-^/'Ae-[-+'^l/2(^i.^e-[-+'^]/2 - (i.;, - ^)a) > 

IS we claimed. Notice in particular (pi, (p2 are entire functions, and are bounded as 
Rer I — > +00, together with all their derivatives. 

We now study the error term 

21/2 

E = -J-e-''^^-'^''^ [ugEi + iE2] . 

TT 

Notice that there exists a positive constant Cq > such that, for all j, 

|l_e-2-l^l-2--/5| >co. 
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Hence the series 



> e* 2 ^ _ A-' and > 

^ 1 _ e-27r|i±i|-2i7n.^(T(i) ^ 



-37T\i±^\-2l7TUfja{j) 



I _ g-27r|i±i|-2mr/5<T0) 



converge when 



-[ir+37r]/2| ^ ^ I g~ [ir-37r]/2 I 



which is a strictly larger annulus than eP™'^"'^!/^ < |A| < e[^™^+'^]/^. Thus the sums of 
the two series are smooth and bounded, with all derivatives smooth and bounded, on 
a neighborhood of the closure P of I> (where this domain is defined at the beginning 
of Section 6) . 

For the case Rer < — Cq, notice that 



TT sinh(7r'^ — ii^pn) 



TT 



■ 3 + 1 
gl 2 



sinh(7r^ — ii^/jTr) 2 sinh(7r^ — ii^/jvr) 



Then we consider the sums 



2 E^O'K 



E.,+1 g-37r|2±i|-2iCT(j)7ri/^ 
^(^•)g-»<^0)--/3g^^r^ 
^•^^ 1 _ g-27r|^|-2ja(j)7r^3 



J + 1 



2( J] l±l^(^-)e--0)-/5e^^--l4i|A^- + J] 



1 _ g-27r|i±i|-2io-(i)7r;/^ 



Therefore, when Rer < cq. 



where Fi, F2 are as in the previous case, while E[, E'^ are error terms that are dealt 
with as in the case Rer > cq. □ 



7. The Sum of the Jj 



We wish to study the sum 
where 



sinh(7r(C + i/i)) sinh((2/3 - 7r)(C + i/i - ^)) 



-) = -/" 
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Remark 7.1. We make an important observation. We arrived at the definition of 
Jj(r) by computing a contour integral along the rectangular path 7^, whose upper 
(lower) side is the segment [—N ±ih,N± ih], for Rer > (Rer < 0) respectively. 

However, the definition of Jjir) makes sense for all real values of the parameter 
h, in particular for h = 0. Notice that, in this case, Jj(r) = /j(t). We shall 
make use of this fact when we compute the expression of the Bergman kernel for 
|Re(2;i -wi)\ < cq. 

We use (26) to write 



sinh(7r(e + ihj) sinh((2/? -n){^ + ih- ^)) 

2sgn(^)e^*'^^'^*^^)'^'^ / g-2sgn(^)7r(^+i/i) 



2sgn(e)7r(^+i/i) 



2sgn(^ - 2±Ly-i^gni^-'-i^)C^P-^)h / g-2sgn(^-i±i){2/3-7r)(^-i±i+jfe) 
X ■ : - 7TT'. I 1 



g(2/3-7r)|?-i±i| \^ ^ _ g_2sgn(e-i±i)(2/3-7r)(?-i±i+ih) 

4sgn(e)sgn(e - 2+i)e-'K-s'-«)-+-g"(g-^)(^/^-)) 

g7r|C|g(2/3-7r)|5-i±i| 
g-2sgn(5)7r(?+i/i) g-2sgnK-i±i)(2/3-7r)(?-i±i+ift) 

X I 1 + 



+ 



1 _ g-2sgn(0K+ife) ^ _ g_2sgn(5-i±i)(2/3-7r){5-i±i+i/i) 
g-2sgn(C)7r(5+iA) g-2sgn(e-i±i)(2/3-7r)(C-i±i+ift) 



1 _ g-2sgn(5)7r(4+i/i) ^ _ ^_2sgn(5-i±i)(2/3-7r)(^-i±i+i/i) / ' 



We set 



<^(0 = sgn(Osgn(e - l±l)e-<^^(0-+^^(^-^)(^^--)) (32) 
and decompose Jj accordingly as 

J,(r) = M,(r) + Ef\T) + E^'\t) + E^'\r) , (33) 



where 



^.-.^ /^^(Oe-«if|i|^<^. (34, 

TT e7r|^|g(2/3-7r)|€-^| 
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and, analogously, 



2 P+OO 

J —oo 



eT|eie(2/3-'r)IS-^| 

2sgn(f-i±i)(2/3-7r)(C-i±i+i/i) 

X ^1 ^1 (35) 



g-2sgnK)7r(5+j/i) g-2sgn{5-iii)(2/3-7r)(C-iii+ih) 

>^ . (j^f 

1 _ g-2sgn(07r($+i/i) -j^ _ ^_2sgn(^-i±i)(2/3-7r)(^-i±i+ife) ^ ' 

Thus we have reduced the situation to computing the sums 



We shall prove the following results. 

Proposition 7.2. There exist entire functions ijj^, j = 1, . . . , 4, which are uniformly 
(together with all their derivatives) of size 0(|ReT|) as |Rer| — > +oo in any set 
{\Imr\ < C, |A| < C"}, such that 



1 r 



e(/3-T/2) 

■(1 + V'i+(t,A)) 



2(e{/?-V2) _ A) 2 



p-[iT+7T]/2 -i2l3h-[iT+Tr]/2 i+( \ 

:(l+V'2-(r,A))+ ^^^^^ 



2(A - e-['^+^l/2)2 ^ ' r2v > ' 2(e(/^-V2) _ A)(e-[^^+'^l/2 - A). 

+ 



{ir - 2/3) 



[7r-jr]/2 

.(l + V'2+(r,A)) 



2{el^-ir]/2 _ A)2 



e-(/3-7r/2) _ g-i2/3/.+[^-ir]/2^-(^) 

+ 2(A - e-(/3-'^/2))2 + ^^^^ + 2(e-(/^-V2) _ A)(e['^-^^]/2- A). 

gi/i(2/3-27r)+(/3-7r/2) 
+ 2(e[T-ir]/2 _ A)2(e(/3-^/2) _ A)2^3 ^) 

^-ih(2.3-2TT)-(3-7T/2) ^ 
+ 2(e-[ir+7rl/2 _ A)2(e-(/3-V2) _ A)2^3 J " 

Here h is as in (4). 

The convergence is uniform on compact subsets of D'^. Moreover, the functions 
ipf can be computed explicitly (see (72), (81), (78), (84), and (68) respectively). 



THE BERGMAN KERNEL AND PROJECTION ON WORM DOMAINS 



33 



Proposition 7.3. There exist functions , ^3 > holomorphic in a neigh- 

borhood of V, bounded together with all their derivatives as |Rer| — > +00, such 
that, for /c = 1, 2, 3, 

E^^\t)\^ = g-sgn(Rer)/ir 

Here h is as in (4). 

(Recall that the E^''^ are defined in (35).) 
Wc shall compute these sums, and prove these two propositions, in Sections 9 
and 10. 



r^TML ^ ^r(r,A) 1 



8. The Bergman Kernels for Dp and D'^ - Proof of Theorems 1 and 2 

In this section, assuming the validity of Propositions 7.2 and 7.3, we complete the 
proof of the asymptotic expansions for the Bergman kernels for the worm domains 
Dp and D'o. 



Proof of Theorem 1. Before we move ahead, let us review what we have accom- 
plished, and how all the parts fit together. 

Prom Remark 5.3 we know that the Bergman kernel Kjji^ for D'^ can be written 

as 

where we set zi —Wi — r and ,22^2 = A. 

When |ReT| > Co we use the decomposition 
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We put together (21), Proposition 5.5, Proposition 6.1, (33), Proposition 7.2, 
and Proposition 7.3. For |Re {zi — Wi)\ > Cq, we have that 



Kd'^{zi,Z2,Wi,W2) 
— g-i^/3(zi-M'i)sgn(Re (zi-mJi)) 

1 



(pi[Zi - Wx] 



+ 



>~P2\Zx - Wi,Z2W2) 



(1 _ e[^(^i-^i)-^l/2z2W2)2 {Z2W2 - e-['^+^(^i-^i)l/2)2 



+ -e" 

TT 



-sgn(Re {zi—wi))h{zi—w-i_) 



i2ph 



{i(zi-wi) + 2py 



e(/3-'^/2) 



2(e{/?-V2) _ Z2W2)' 



■(l + 1pt{zi - Wi,Z2W2)) 



+ 



^TJ^{l + ^2 {Z1-WUZ2W2)) 



+ 



2{z2W2 - e-[*(^i-^i)+'^l/2) 

^-i2f3h-[i{z,-w,)+n]/2^+(^^^ _ jj^^^ 
2(e(/3-V2) _ Z2lZ;2)(e-[^(^i-®i)+'^l/2 - Z2W2) 



+ 



(i(^l-Wi)- 2/3)2 

g-(/3-7r/2) 



g[7r-j(zi-«)i)]/2 



2(;raw3^(i + (., - w,, Z2W2)) 



+ 2(z2tU2-e-(/^-V2))2 (l + ^r(^i - ^2^2)) 

^_i2/3h+[7r-i(^i-«Ji)]/2^-(^^^ _ 

^ 2(e-(/3-^/2) - ;22W2)(e[^-^(^i^^i)l/2 - ^2^2) 

gife(2/3-27r)+(/3-7r/2) 



2(eK-i(^l-«?l)]/2 _ ;22W2)2(e(/3— /2) _ Z2W2f 
g i/i(2/3-27r)-(/3-7r/2) 

2(e-[^(^l-^l)+'^]/2 - Z2MJ2)2(e-(/5-'^/2) - Z2W2) 



+ o..-r,;r.,-T7T,w^i/9 ^ ^ ^2/.-r/9-^/2^ Z^^T^^z (^1 " ^i' ^2«;2) 



^'1(2:1 -Wl, 2:2^2) ^'2(^l-Wi,^2W2) . _ . . 

+ (.2^2 - e-(/^-^/2))2 + (e(^-V2) - ,2TZ;2)2 + ' "^"'^V ' ^ ^ 

where = X]fc=i ^- We recall that /i is a fixed parameter, vp < h < min(l, 2i/^), 

and that the functions ''/'j s, (/9S and \E's depend (smoothly) on h. Moreover, we recall 
that these functions all sasisfy the condition 0(|Re2;i — Rewi|), together with all 
their derivatives, for ^, w e D'l^. 



For \Re{zi — Wi)\ < Cq we use the result from Section 7, with h — 0, for which 
see Remark 7.1. By Propositions 7.2 and 7.3, with h — 0, we have that when 
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|Re(^i -wi)\ < Co, 

Kd'^{Zi,Z2,Wi,W2) 

_ e(^-"/^)(l+V'+(zi-wi,Z2W2)) 
" 2{i{zi - wi) + 2/3)2(e(/3--/2) _ ^2^2)2 

g-[i(^l-«Ji)+u]/2(|^ + ij^{zi - Wi, Z2W2)) 



+ 

+ 



2{i{zi - wi) + 2py{z2W2 - e-[^(^i-^i)+^l/2) 



i{i{zi - wi) + 2/3)2(e('«--/2) _ ^2W2)(e-W^i-^i)+'^]/2 - Z2W2) 

^[^-iiz,-W,)]/2(^l + ij:^{zi - Wi, Z2W2)) 



+ 



2{i{zi - wi) - 2/5)2(eI^-^(^i-^i)]/2 _ ^2^2)2 



+ 



2(i(^i - Wi) - 2/3)2(^2^2 - e-(/5— /2))2 

(37) 



+ 



4(i(^i - wi) - 2/3)2(e-('3--/2) _ ^2W2)(e[— *(^i-^i)l/2 - ^2^2) 

e(/3-'r/2)^+(-;_^ - Wi, 2:2^2) 



2(ek-i(^i-«^i)]/2 _ Z2W2)2(e(/3-V2) _ Z2W2) 



2 



+ 2(e-W--^0+^]/2 _ ^2l;2)^(e-(/^-/2) - ^2^2)2 + ^^^^ " '''''^ ' ^^^^ 

Here E denotes a function which is holomorphic (-21,^2) and anti-holomorphic in 
(u'i,u'2), for {zi,Z2) and {wi,W2) varying in a neighborhood of D'^^. 

We should point out that the functions iIj^ in the formula above differ from the 
ones appearing in (36), since they are obtained from Propositions 7.2 and 7.3 for 
different values of the parameter h. 

Now, from (36) and (38), the proof of Theorem 1 follows at once. □ 



Proof of Theorem 2. We now derive the explicit expression for the asymptotic ex- 
pansion of the Bergman kernel for the worm domain Df^. We use the formula from 
Theorem 1, together with the transformation formula under biholomorphic map- 
pings (see [Krl]). Specifically, recall that the domains D'^^ and Dp are biholomorphic 
via the mapping 

{zi,Z2) ^ (e^i, ^2) = (Ci, C2) ■ 
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Hence 

{ui.u^) ^ (loga;i,a;2) = (wi, W2) . 

We see that 



i^D,((Ci,C2), (0^1,0^2)) =i^D'(<f"'(C), <^>"'M) ■dctJac$-i(C)detJac$-i(, 



Notice that, on Dp, the function logCi is well defined once (2 is fixed, since 
Ci lies in the half-plane Re (Cie*^°s I^^P) > g. Hence, for ( = (C1.C2) G Dp, the 
number logCi is the unique value obtained by analytic continuation starting from 
the principal branch of the log when (^2 hes on the positive real line. Also, observe 
that, via the transformation 

(^1 - wi) ^ log(CiM) and eW"i-^i)+"I/2 ^ (^^^ ' e'^/^ ^ 

where, by log(Ci/cJi) we mean logCi — logcJi. 

Thus, since Jac$~-'^(a;) = writing t — |Ci| — |<^i|, we have that 

KDf,{i,u:) = ^i^D^ ((log 0,(2), (logu;i,a;2)) 
= 7#i^6((logCi,C2),(loga;i,a;2)) 

I ^-i.fe|loK(|Cll/|a;ini^-i/tSRnt.(arKCl+arKa;i) (log Cl , ^l) 

((ClM)-/2e-/2-^2«J2)' 

I ^-i^^|loK(ICll/|a;inic-'^>.SRnt.(arKCl+arKc^l) '/'2 ((log Cl , C2) , {^\,^2)) 

((ClM)-/2e-/2-^2lZ;2)' 

^6((logCi,C2),(loga;i,a;2)) 



Xi(^)- 



+ X2(t) e 



ICll ^ "'^"'^^-fts.nt.(ar.Ci+ar.a.i) -^s((l0gCl,C2),(l0gC^l,C^2)) 



^l|y V Cl^l ((ClM)-^/^e'^/2 - ^2«J2) 
^ 02((logCl,C2),(^l,^2)) 1 \ 1 

Ci^i ' ((CiM)~'/'e-'^/'-'22«^2) / J ' 

This is the promised expression for the Bergman kernel of Dp. We only need to 
check that the resulting functions gi,g2, Gi, G2, ■ ■ ■ , Gi,G2, ■ ■ ■ have the announced 
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properties. Denoting by G any of these functions, then 

G{C^^) = ^(log(ClM),C2^2) , 

where ip denotes any of the functions ips in Proposition 9.1, or \E's in Proposition 
7.3. Then it is easy to see that G G C~(!D^ \ {0} x \ {0}) and that 

a^"ajG(C,^) = o(|Ci|-'"'ki|-'^i) as \c,i\uji\^q. □ 



9. Foundational Steps in the Proofs of Propositions 7.2 and 7.3 



The core of our calculation for the expansion of the Bergman kernel is contained 
in the following result. We begin the proof of this proposition now, but postpone 
the completion of its proof until the end of the paper — see Section 11. 

Proposition 9.1. Let R,S>0 and let Vr^s be the domain in defined by 

Vr,s = {(r. A) e : |lmT - log jA^ < S, 6"^/^ < |A| < e^/^} . 

Let 

/oo 
-oo 

where 



<yR,s\i) = sgn(Osgn(^ —)e V ^ ^« 2 ^ + e v?;; 

b — 2ih : — , and c — ih(ih ) . 



(40) 



2 ' ^2 
Then there exist entire functions ijj^, j = 1, ... ,4, uniformly C(|Rer|) as |Rer| — > 
+00 in any set {|IniT| < C, |A| < C'}, together with all their derivatives, such that 



Jh{R+S) 



(iT + R+sy 



,R/2 



2(e«/2 - A)' 



.(l+V^+(r,A)) 



+ 



g-[ir+5]/2 



2(A - e-[^^+51/2): 



-ih{R+S) 



-(1 + V'2"(t,A)) + 



2(e«/2-A)(e-[^^+51/2-A) 



+ 



(ir-R- Sy 

-R/2 



,[S-iT]/2 



2(e[5-ir]/2 _ A): 



■(1 + V2+(t,A)) 



^ 2(A - e-^/2)2 + + 2(e-«/2 - A)(e[5--l/2 - A) 



+ 



+ 



^ih{R-S)+R/2 



2{eis-ir]/2 _ A)2(e«/2 - A)- 

„-ih{R-S)-R/2 



2(e-[ir+5]/2 _ A)2(e-«/2 - A) 



r^3-(^,A) . 
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The convergence is uniform on compact subsets ofV^^s- Moreover, the functions 
tpf can he computed expUcitly (see (72), (81), (78), (84), and (68) respectively). 

Basic Steps in the Proof of Proposition 9.1. The proof of Proposition 9.1 is broken 
up into Lemmas 9.2-9.5. We enunciate those lemmas here and complete the first 
part of the proof. The proofs of those technical lemmas are deferred until Section 
11. Also the concluding parts of the proof of Proposition 9.1 will be presented at 
that time. 

We wish to compute the sum Y^j(zi1j{T)^\ for (r, A) e Vr^s- 
We begin with the terms having index j > 0. Writing aR^s explicitly, the integral 
Ij becomes 



r sgn(Osgn(^ - l±l)e-'^M-^)^+«s-(«5) + + c] e^^e-^l^-^le-^l^l 

J-oo ^ 

^ ^ihiR+S)^-Ri±^ f ^^^^ c]e^ir+R+S)^ 

\J —oo 

+ j\e + b^ + c]e^''+''+^^^d^^ 

i±l—S 

- e^HR-s)^-R^ j^' [e + K + c]e(^^+^-^)« d^ 

^ ^-mR^S)^R^ ( ["^^'[^2 ^ ^ c]e^ir-R-S)^ 

r+oo \ 

+ /. [e^ + 6e + c]e(-«-^)«rfe 

= 1 + £i-n + £2 + 111 . (41) 

Here 5 denotes a non-negative parameter. While in the course of the proof of Propo- 
sition 9.1 the parameter 5 is unnecessary (and it will be taken to be 0), we need this 
further refinement in the proof of Proposition 7.3 in order to control certain error 
terms. At this stage we concentrate our attention on the terms /, // and /// and we 
will deal with the remaining terms at a later time. 



We shall use the following trivial fact from calculus: 



j{e + hi + c)e<di 



(h c b 2 
-+{ 2]^ + 2 + — 



e"^ . (42) 



Notice that (r, A) e Vrs implies that jlmr] < R + S. Then the evaluation of 
our integrals at ±00 will always be 0. 

We break up the proof into a series of lemmas. 
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Lemma 9.2. With the notation above, there exist entire functions ipf and 1JJ2, 
uniformly C(|Rer|) as |Rer| — > +00 in any fixed compact set, together with all 
their derivatives, such that 

pih(R+S)+R/2 
p-ih[R+S)+[S-iT]/2 



+ 



_ A)(iT + + Sf {ds-ir]/2 _x){ir-R- S)\ 

Moreover, for any M > 0, there exist constants Cm such that, for all (r, A) such 
that llmrl, |A| < M, as iRerj, R,S tend to +00, we have 

\^^(r,X)\<CM(\ReT\+R + S) for j = l,2. 

Lemma 9.3. There exists an entire function ip^, uniformly 0{1) as |Rer| — > +00 
in any fixed compact set, together with all its derivatives, such that 

^ih{R-S)-5[S-R-iT]+R/2 

Y."^' = 2(e[5-ir]/2_;^)2(eii/2_;^)2^3'(^,A) . 

Moreover, |-?/'^(r, A)| < CMi^'^^'^^^^'^ + e.^), for (r, A) in any fixed compact set, as 
R,S ^ +00. 



Now we turn to the case j < 0. In this situation the integral Xj (r) equals 
r sgn(e)sgn(e - l±l)e-'^Gg"(«-^)^+«g-(«)^) [^^ + b^ + cyri-R\i-^\-s\i\ 



s 

' —00 ~ 



2 

-5 



_ ^h(s-R)^R(^:^) I [^2 ^ ^ c]e(^^-^+^)« 
^ ^-ih(R^S)^R{i^) (^j' [^2 ^ ^ c]e(^^-^-^)« 



/ 



hoo 



[e2 + 6e + c]e(^^-«-^)«de 

= 7* + £:* - 77* + + 777* . (43) 

Here, as in the case j > 0, we fix (the same) non-negative parameter 5. For the proof 
of Proposition 9.1 we in fact take 6 — 0. Notice that this decomposition makes sense 



40 S. KRANTZ AND M. PELOSO 

when j < —1 and 5 is a small positive parameter. The case j = — 1 is somewhat 
special, and can be treated along the same lines. In particular, one can simply take 
5 — in this case as well. 

Lemma 9.4. There exist entire functions and tlj2 , uniformly 0{\ReT\) as|Rer| — s 
+00 in any fixed compact set, together with all their derivatives, such that 

p-ih{R+S)-R/2 

+ 2(A - e-[-+^]/2)2(zr + R + Sy"" + 



+ 



2Q-ih{R+S)-5[R+S-iT] 2e'^^'^^+^)-^\.'^'^+^+^\ 



,(e-«/2 -\){iT - R- Sf {e-^ir+s\/2 _ x){iT + R + S)\ 

Moreover, for any M > 0, there exist constants Cm such that, for all (r. A) such 
that llmrl, |A| < M, as iRerj, R,S tend to +oo, we have 

\^j{r,X)\<CM{\Rer\+R + S) for 3 = 1,2. 

Lemma 9.5. There exists an entire function , uniformly 0{1) as |ReT| — >■ +oo 
in any fixed compact set, together with all its derivatives, such that 

Q-ih{R-S)+S[iT-R+S]-R/2 

E^^*^' = 2(e-[-+5]/2 _ A)2(e-«/2 _ a)2^3~(t, A) . 

Moreover, for any M > 0, there exists Cm > such that for (r. A) satisfying \ t\ < M, 
|A| < , we have 

li^sir, A)| < CM(e^+^/2 + 6^(25+1/2) + ^2R^ ^ 

as R,S ^ +00. 

These four lemmas constitute the first part of the proof of Proposition 9.1. We 
postpone the proof of Lemmas 9.2-9.5 to Section 11, and complete the proof of 
Proposition 9.1 at that time. 



10. Proof of Propositions 7.2 and 7.3 

Assuming Proposition 9.1 for the moment, wc arc now in a position to compute 
the sum of the main terms — Proposition 7.2 — and of the error terms — Proposition 
7.3. 



Proof of Proposition 7.2. It suffices to notice that 
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where X,(r) is as in Proposition 9.1 with R = 2j3 — tt and S = ir. Moreover, the 
functions ^f, j = 1,..., 4 can be obtained by (72), (81), (78), (84) and (68) by 
taking the same values for R and S as above. □ 



Proof of Proposition 7. 3. We now compute the sum of the error terms, that is we 
prove Proposition 7.3. Recall that these error terms arose from the decomposition 
of Jj{T) in Section 7. 

We wish to evaluate the three sums ^j^x-^f\'^)^^ i ^ = 1; 2, 3. 

10.1. Sum of the Ef \ We recall that, when Rer > 0, 

where a is defined in (32). At this time, for simplicity of notation, we concentrate 
on the case Rer > 0. The case Rer < will follow by a completely analogous 
argument. 

We decompose the integral defining as in (41) and (43), according to whether 
J > or J < 0. Then, for a fixed 5 > 0, 

(r) = -e-'*^ (/-// + /// + £i+ £2) (44) 

when j > 0, and 



(r) = -e-^^ (I* - II* + III* + £{ + £*) (45) 



when j < 0. 



10.2. The Cases of ^j>o^i'^^ ^nd X]j>o^2A^. We begin by considering the 
sum over positive indices X]j>o^i'^"' (^^^call that £1 depends on j and r). Writing 
mi(^) = e-2^"g''(€)(€+*''V(l - e-2^"sn«)«+ife)-)^ ^ave that 



j>0 

= E (£ + ^h){C + ih- ^)e-^e-l^le-(^/^-)l«-^lm,(0 d^^ 

j>0 \ J-s Jo 

- ^ J\ + ^/^)e(-+^^)«ml(e) + ^ j\i + zh)e^-^'^-'-^^rm{0 d^^X^ . 
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Of course we must sum in j. We know that, when |e^'''/^A| < 1, 
Therefore 

^ e(/3-V2) - A (e(/3-V2) _ A)2 (e(/^-V2) _ A)2 

where /ii, /i2 are entire functions of exponential type, that is, /ii and /i2 decay expo- 
nentially, together with all their derivatives, in every closed horizontal strip. 

Now we turn to the sum X]j>o ^2 A-' . Now we notice that mi(^) = Ylt=i e"^'^'"^^^*^-', 
for ^ > 0, where mi is as before. Notice that the series converges uniformly on 
compact sets, with bounds uniform in j > 0, so we can interchange the order of 
integration and summation. Then 



^ g-(2/3-.M Y^Y.[ + ^^)(^ + - ^)e-«-(^^--)(«-^) 



j>0 fe>l ^"^ ~ 

r-5 



j>0 k>\ 
fe>l 

3[(2fc+l)7r-jr]/2 /-(S 



7r)i^ I f /t I ,-^\2 ir^-(2/3-7r)^ -(2fc+l)7r(^+ift) 

2^ I g[(2fc+l).-H/2 _X }-^^ > 
k>l ^ 

[(2fc+l)7r-jr]/2 /•<5 \ 



g-(2/3-7r)i/i 



^/ hfij) /,(fc)(^)e[(2fc+i).-H/2 

Z^i g[(2fc+l)7r-iT]/2 _ A ~^ ^g[(2A;+l)7r-iT]/2 _ A)2 



fc>l 

where li'i^ , lri^2^ are entire functions of exponential type, with bounds uniform in k. 
Notice that, when summing in j', the series converges for |A| < e^™'^+(^'^+^)'^. 

Claim 1. We now claim that the above sum converges to a function -Ei(r, A), holo- 
morphic on the domain 

2^oo,2,r = {(r. A) : llmr - log |A|'| < 27r, |A| > O} , 
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that is of exponential type in r uniformly in A when A varies in a compact set. 



For, by the observation above, the functions to be summed are all holomorphic 
in X'oo,27r- Next, for fixed M > we can select ko large enough so that for all k > ko, 
when (r. A) e 'Doo,27r, with jlmrl < M and |A| < e^, we have that 



L[(2fc+l)7r-jr]/2 _ > ^[{2k+l)n-M]/2 _ gM > I^ttA; 

I I - - 2 ■ 



Therefore 



and similarly 



g[(2fc+l)7r-iT]/2 _ X 



< ce 



-nk 



(g[(2fe+l)7r-ir]/2 _ 



< ce 



-Trk 



g[(2fc+l)7r+M]/2 
g[(2fe+l)7r-M]/2 _ gM 



< ce 



-Trfe 



SO that the two series above converge uniformly in the fixed compact set. This proves 
the claim. 



10.3. The Cases of Yl:j<,o ^i^^ ^j<o ^2^^- sums over 

negative indices j. Clearly it suffices to consider the sum for j < jo < —1. On the 
relevant interval of integration, wc can then write mi(^) = X^iS e^'^'^^^+*'*\ and the 
series converges uniformly there. We have 



j<jo k>l ^'^■^-6 

^2pih ^ ^ ^[ir+(2fc+l)7r]i±i f + ^^^2gjr^+(2fe+l)7r5+(2/3-7r)€g2fej^ 

i±l y ' + ■^yri+{2k+lM+{2P--)^^2kih x^ (47) 



+ 

Again we must sum in j. Since 
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and 

^2 2(A-e-T/2)2 ' ^^^^ 

j<jo ^ ' 

we have, when |e^/^A| > 1, i.e. when |A| > e^"'/^, that 

j<jo fe>l ^ 



2(A - e-[i^+(2fc+l)'r]/2)2 



A - e-['^+(2'=+i)'^l/2 ^ 2(A - e-[*^+(2'=+i)'^l/2)2 ^ ' ^^^^ 



k>l 



where h'^\ h^^^ are entire functions that are of exponential type in r, uniformly in k 

and A, for A varying in any compact set. Notice that the above series in j converge 
when |A| > eP^^^^^'^+^^l/^ hence, in particular, when (r. A) G 'D^ 2-k- 

Arguing as in Claim 1 (Subsection 10.2), we see that the above sum converges 
to a function £'2(r. A), holomorphic on X>oo,27r; which is of exponential type in r, 
uniformly in A for A varying in any compact sets. For, having fixed an M > 0, we 
can select ko such that if A; > /cq, if |IniT| < M and |A| < , 



1 



(g[(2fe+l)7r-ir]/2 _ 

Now we turn to the sum 

-5 



< ce-""^ and | hf^ (r, X)\,\hf\T,\)\<C . 



j<-i 

Using formulas (48) and (49) with jo — —1 we see that, for |A| > e"^^"'^/^), 
Src.y^_ 9i{r) . g2(r) _ gi(r)(A-e-(/^-V^))+g2(r) 

^2^ _ g-(/3-,r/2) ^ (A - e-('«-V2))2 (^ - e-(^-V2))2 

where gi, g2 are entire functions of exponential type, that is, they decay exponen- 
tially, together with all their derivatives, in every closed horizontal strip. 
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According to the decompositions (44) and (45), in order to conclude the analysis 
of the term ^^^^Ej^^ X\ it remains to consider the sums of the terms involving / 
through III and /* through III*, that is, 

- // + ///) + + ^^^*)'^^ • 

j>o j<0 

10.4. The Case of Ej>o(^ + + Ej<o(^* + Notice that, when 

Rer > 0, since h is fixed with < /i < 1/2, the series X]a:>i 6^^^'^*^^°*^^^*^^+*^) converg- 
ing to mi(^) has partial sums that are uniformly bounded. Thus, by the Lebesgue 
dominated convergence theorem, we can interchange the order of summation and 
integration. Recalling the definitions of a and aR^s, (32) and (40), we then write 

J2ii+iii)x^ 



j>0 



^ gi«rg-7r|C|g-(2/3-7r)|^-i±i|g-27rfcsgn(0(?+i/i) 
+o° / i>—5 r+oo \ ■ I -| 

E E / + / . , ^(2/3-.),(2fe+i).(e)(e + ih)(^ + ih- ^) 



+ 00 



^ gi€Tg-(2fc+l)7r|€|g-(2/3-^)|^-i±i| 



= ^^A^lf(r). (51) 

k=l j>0 

Analogous arguments apply when j < to give 

J2{r + iir)x^ 



Ea'E(/ 

j<0 k>l 



2 



E E ( / + / <^(2(3-nU2k+i)ACM + + - 

fc=l j<0 V-^-oo ^5 / 



+ 0O 



5^5^A^jf(r). (52) 

k=l j<0 
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In order to calculate the sum 'Ylij&-L'^f^\'^)^''i apply Lemma 9.4 and the 
identity (43) with R = 2(3 — ti, S = {2k + l)7r and 5 > a. fixed parameter. The 
double sum above equals 



E 



^ih{2/3-n+S)~S[iT+2/3-n+S] 



k> 



^ {it + 2/3 - tt + 5)2 

g-[ir+S]/2 

+ 



e(2^-^)/2 



2(e(2/3-7r)/2 _ 



(1 + V'i+(t,A)) 



+ 



2(A - e-[^^+«l/2)2 

g-i/i(2/3-7r+5)-(5[2/3-7r+5-ir] 



(1 + V'2~(t,A)) + 



2(e(2/3-7r)/2 _ _^)^g-[ir+5]/2 _ _X) 



{tr - {2(3 - tt) - SY 

g-(2/3-7r)/2 

+ 2(A - e-(2/3— )/2)2 



,[5-jr]/2 



2(e[s-i^]/2 _ A)2 



(l + V'r(T,A)) + 



(1 + V'2+(t,A)) 

e[5-H/2^- 



2(e-(2/3— )/2-A)(e[^-*-l/2-A) 



(53) 

where 5" = {2k + l)7r and V'j' = ^(2/3-7r (2fc+i)7r) j depend also on the parameter S and 
are defined in (72), (81), and (68). Here we clearly need to stress the dependence 
on S. 

We are going to show that the functions depending on k, that is on S, can be 
summed, and their sums are functions of (r. A) , holomorphic in a neighborhood of 
V, bounded (together with their derivatives) as |Rer| — >• +oo. 



We let (r. A) vary in the closure of the domain 

^20^/2 = {|lmr-log|A|2| < 37r/2, e'^ < |A| < e^} , 

a domain that contains the closure of the domain T>. Using Lemma 9.2, we now 
obtain that 

-S[iT+R+S] 

(54) 



Jh{2p—K+S)-S[iT+2l3-7T+S] 



{iT + 2(3 -7r + ,5)2 



,(2/3-7r)/2 



(l + V^+(r,A))| <C(|Rer| + 5)- 



< Ce 



-ss 



as 5" — > +00, uniformly in (r. A) G I^2/3,37r/2- 

— [iT-\-S]/2 

Next notice that the functions ,_^j^-l-,q1/c,^9 are bounded for (r, A) e ^2/3,3^/2, 



uniformly in 5" = {2k + l)7r. Then 

gi/i(2^— 7r+5) -(5[iT+2/3-7r+S] 



2(A-e-[»^+-Sl/2)2 

g-[ir+S]/2 



{iT + 2p-n + 2(A - e-[^^+^l/2)2 

_ss \ReT\+S 



{l + ^^;^{T,X)) 



< Ce 



\iT + {2(3 - n) + S\ 



as 5" — > +00, uniformly in (r. A) e 2^2/3,37r/2- 



(55) 
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^ih{2f3-K+S)-d[iT+2l3-K+S] g-[ir+5]/2^+^^^ 



{iT + 2p-7r + Sy 2(e-[^^+51/2 - A) 



< Ce 



-ss 



\iT + (2(3 - n) + S\^ 
< Ce'^^ , (56) 



again, as — +oo, uniformly in (r. A) e ^2/3,3^/2- 

[S — ir] 

Next we notice that the functions 2(el-^-i-r]/'^-X)'^ '^^^ bounded for (t. A) G 'Z^2/3,37r/2 
uniformly in S = {2k + l)7r. For it suffices to notice that 

\Xe-iS-iry2\2 ^ ^-3./2 



for all (r. A) G 1^2/3,371/2 and all k > 1. 

Then, using Lemma 9.2 again, we have 



^-ih{2/3-n+S)-S[2P-n+S-iT] g[S-ir]/2 



- {2/3 - tt) - S)' 2(e[^--l/2 - A) 
< Ce 



:(1+V'2+(t,A)) 



,s {\Rer\+S)e-^/' 



\iT - {2(3 - Tv) - S\^ 



(57) 



and 



^-ih{2p—K+S)-S[2l3—iT+S-iT] 

—{1 + V^r(r, A) 



[ir - {2(3 - tt) - Sy 



< Ce 



-ss 



iRerl +,S 



\ir - {2(3 - n) - Sl"^ 
< Ce-^^ , (58) 



^-ih{2l3~-K+S)-5[2l3-i^+S-iT] g[S-ir]/2^- (^^^ 



(ir-(2/3-7r)-5)' 2(e[^-^-l/2 - A) 



,-ss 



\iT - {2(3 - tt) - S\^ 
< Ce-^^ . (59) 



Next we have 



10.5. The Case of ^j>o -^^ + Ylij<(i^*^^ • -'-^ ^^^^ ^^^^ Lemmas 

9.3 and 9.5, and summation by parts. We begin with the case j > 0. Notice that, 
for i>5, for any positive integer N, mi(0 = Ef>i e-2'='^(^+^'^) + e-2^'^(^+^'^)mi(0. 
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Therefore 



j>0 

i+l—S 

.•^n J S 



j>0 



^g-27rife/i / ' ^^2 _^ _^ g(iT+(2/3-7r)-(2fc+l)7r)^ 
fe=l "^"^ 



= A + B. 



Now we apply Lemma 9.3 with R = 2/3 — n and 5" = {2k + l)7r, /c = 1, . . . , A?". 
Then we see that there exists a function \I/i(r, A) holomorphic on the dosure of 
^2^,37r/2, bounded (together with all their derivatives) as |ReT| — > +oo, such that 

^ *i(r,A) 



(e(/3— /2) _ A)2 ■ 

In order to evaluate B we use the summation by parts formula 

N N-1 

ajbj = 2^ Sk{bk+i - bk) + sat&at - So^o , (60) 

j=0 k=0 

where Sk — X]j=o%' % ~ e^^^^^'^^^A-' and 

i+l—S 

hj^ ! ' [e + &e + c] e(^^+(^^-^)-(2^+i)'^)«mi(e) ■ 

J8 



Notice that 



K .^^ 1 \fc„-fc(/3-7r/2) 
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and that 

, fc-|-3 ^ fc-|-l ^, 

^ + + + til) + ^-^^iir+i2P--)-m+l)n)i^+'-^) 

Jl-5 2 2 



Therefore 



Sfc(6fe+i - 6fe) 

fc=0 

= E ;(, J/2)_;, ,(..+(2/3-.)-(2Ar^l).)(^) (^^^2 ^ ^ ^ (gi) 

k=0 

where Cj — Cj{T,k) are entire functions of r, of exponential type, with bounds 
uniform in k. 

Now it is not hard to see that, as we let +oo, the term on the righthand 

side of equation (61) above converges to a function ^'2(t, A), holomorphic in a neigh- 
borhood of the closure of X'2/3,37r/2, times l/(e^''~'^/^^ — A). 



The sum for j < is treated similarly, and we do not repeat the argument 
here. Hence (relabehng the functions) we obtain that there exist functions ^i,^'2, 
holomorphic on the closure of I^2/3,37r/2; bounded (together with all their derivatives) 
as |Rer| — > +oo, such that the sum X^j>o(-^-^)'^"' + Sj<o(-^-^*)'^'') relative to the error 
term Ei, equals 

^i(r,A) ^2(r,A) 
(efl/2 _ A)2 ^ (e-«/2 - A)2 ' 

This proves the statement for the error term Ei. 



10.6. The Sum of the Ej^\ The analysis of the sum Ylij^z^f^ is quite similar 

to the previous case of E^p . In fact, the change of variables ^' = and rescahng 

allow one to apply the previous proof to this case. 
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10.7. The Sum of the E^^\ Finally, we consider the sum ^.^^Efx^. Recall 
that 



Ef\T) = -e-^'^""^^"^^^ a{Cje'^^ 



g-2sgn(^)7r g-2sgn(^- i±i ) (2^-7r) i±i 

I _ g-2sgn(^)7r(e+i^) _ g_2sgn(^-i±i)(2/3-7r)(^-i±i+i/i) ^ ' 



Again, we begin with the case Rer > 0. 



We divide the integral above as in (41). We write 

\J_oc J-S Js J^-S Ji^+s) 



= 1 + 8^-11 + 82 + 111 , 
where, as before, 

2sgn(5)7r(C+i/0 ^ ^_2sgn(C-iti)(2/3-7r)(C-i±i+ift) 



= T^— ^w7w?7T7];Y and m(0 



1 _ g-2sgn(07r($+i/i) 1 - g-2sgn(^-i±i)(2/3-7r)(^-i±i+i/i) 

We first consider the sum involving 81. 



j>Q 



= e'"^' E (E /' rni (0 (e + ^/^) (e + ^/^ - ^) 

gire+7r^+(2/3-7r)(2fc+l)(^-i±l) 



j>0 ^fe>l 

X 
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^ ^2l3ih ^ g2fc(2/3-7r)i/i ^ g-(2/3-7r)(2fc+l)i±i f f rni{^){^ + /i)2e'^^+T€+(2/3-7r)(2fe+l)5 
k>l j>0 \J-5 

fe>l ^ -^-^ 

„((/3-7r/2))(2fc+l) /-.J \ 

r / mi + (if 1 

2(e((/3-V2))(2fe+i) _ A)2 '^^^^^ ^ ' 

The last series converge when |A| < e'^^~'^/'^^^'^^^^\ 
Now we fix < < 1 . Then the series 

E (2„S-7r)(2fc+l)5 (2/3-7r){2fc+l)(^+l) 
2k(20-n)ih ^ 1 2k(20-n)ih ^ 

g((/3-^/2))(2fc+i) _ X' 2fe(('3-^/2))(2fc+i) - 

k>l k>l ^ ' 

converge uniformly for ^ G [—5, S\ to functions of ^ and A, C°° in ^ and holomorphic 
in A for |A| < e^^^^'^l'^^ Therefore we obtain that ^j>o^iA-' converges to a function 
£'(r, A), holomorphic for |A| < e^*^'^~'^/^\ entire in r and of exponential decay in any 
closed horizontal strip, uniformly in A for |A| <C < e'^^^^'^^^\ 



We now consider the sum involving £2. We have 



j>0 



j>o — 

j>o it>i •^■^-'5 

f5 



e-(2/3- 



7r)ife ^ ^ g-(2fc+l)7ri/ig(ir-(2fe+l)7r)i±i / /" ^^(^(C + i/i)2e^'^^-(2fe+l)7r^-(2/3-7r)^ 
j>0 fe>l \J-5 

k>i ^ '^"'^ 

/ „[(2fe+l)7r-ir]/2 rS \ 



g -i2l3-TT)ih ^-i2k+l)7rih 
k>l 

,[(2fe+l)7r-ir]/2 /-^ 
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where we have set + i^') = ^2{C), since it does not depend on j. When 
summing in j, the series converges for |A| < ei™'^+(2fe+i)'r_ 
The term on the righthand side above equals 

I Ai2k+l)n-iT\l2 _ X 



k>l 



g[(2A;+l)7r-ir]/2 _ \ ' ^g[(2fe+l)7r-ir]/2 - A)^/ ' 



where hf^\h2^^ are entire functions of exponential type, with bounds uniform in k. 
Arguing as in Claim 1 (Subsection 10.2), we obtain that the above sum converges 
to a function E2{t, A) holomorphic in the domain I^oo,27r that is of exponential type 
in T, uniformly in A, when A varies in a compact set. 



Now we consider the sums for the other two error terms, and These sums 
involve j when j < 0. 
We have 



i<o i<o ^•'^-'5 



and mi{^) = ■m{^ + ^) does not depend on j. We can argue as in (47) and (50) 
to obtain that the above sum converges to a function E^{t, A), holomorphic on the 
closure of I^oo,27r, which is of exponential type in r, uniformly in A for A varying in 
any compact set. 

Next, expanding m(^) in Taylor series, we see that 



E ^2 A^' 

i<-i 

s 

^2pih V / (e + ih){^ + ih- :^)mi(0m(0e'"^-"^-('^-")(^-^) X' 
j<-J-s 2 



fe>l j<-l 

rS 
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(2/3-7r)(2fe+l)/2 /-^ \ 



^ X- e-(2/3-'r)(2fc+l)/2 + {^2X - e-(2/3-'r)(2fc+l)/2-)2 ' 

where g^i\g^^ are entire functions of exponential type with bounds uniform in k. 

Thus the above series converges to a function Ei{T, A), entire in r and holomor- 
phic when |A| > e'^^'^-''/^) . 



In order to conclude the proof, we finally need to analyze the sum of the terms 
involving / through ///*; that is 

^(7 - 77 + 777) A^' + ^1(7* - 77* + 777*) A^ 

= J](7 + 777) A^' + + III*)X^ - II X^ + J2 11*^ j ■ 

As in the case of E^^^ ^ we split the argument in two. 

10.8. The Case of Ej>o(-^ + -ffl")^^' + Ej<o(-'"* + III*)><^- Arguing as in (51) 
and (52), expanding m and m in Taylor series, we see that the above sum equals 

+00 

where, for j > 0, 



while for j < 



2 5 /•+00 



' ^ [ + / P{2/3-7r)(2£+l),(2fe+l)7r(0 



X (e + z/l)(e + z/i - l±l)e^ir^-(2k+l)n\i\^-i2p-.M-^l 
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By applying Lemmas 9.2 and 9.4 we see that the series above equals 



E 

k/=l 



Jh{R+S)-5[iT+R+S] 

{iT + R + sy 



,R/2 



2(e-R/2 - A) 2 



(l + ^+(r,A)) 



-[iT+S]/2 



+ 



+ 



2(A-e 

^-ih{R+S)-5[R+S-iT\ 

{ir-R- 

g-i?/2 



+s]/2)2 + ^2 '^)) + 2(ei^/2_ A)(e-[^^+si/2- A) 



,[5-ir]/2 



2(e[5-«r]/2 _ 



+ 



■(l + ^r(r,A)) + 



■(l + ^2+(r,A)) 

e[5-^r]/2^^ 



2(A-e-R/2)2V ' 2(e-R/2- A)(e[^-^^l/2- A). 

where i? = (2^ + 1)(2/? - tt) and 5 = (2A; + l)7r; sec formula (69). 

We are going to show that the functions depending on k, that is on S, can be 
summed, and their sums are functions of (r, A), holomorphic in a neighborhood of 
V, bounded (together with their derivatives) as |Rer| —>■ +oo. 



We let (r, A) vary in the closure of the domain 

I^4(,-2.),2. = {|lmr-log|An < 27r, e'^^^-^'^) < |A| < e'^^-'^^j , 



a domain that contains the closure of the domain T). Using Lemma 9.2, we now 
obtain that 

ih{R+S)-S[iT+R+S] „-S[iT+R+S] 

< Ce-*(^+^) , (62) 

as i?, S* ^ +00, uniformly in (r, A) G 2^2(/3-27r),27r- 

Next notice that the functions 2(^^^e-^ [ ir+s ] /2)2 are bounded for (r. A) e 2^4(^-27r),27r) 
uniformly in S' = (2k + l)n and R = {2£ + l)7r. Then 



^ih(R+S)-5[iT+R+S] g-[ir+5]/2 



(ir + + 5)2 2(A - e-[^^+«l/2)2 



(1+^2"(^,A)) 



<C'e-5(«+^)B^^±:^±|<Ce-W5) (63) 
\iT + R + S\^ - ^ ^ 

as R, S ^ +00, uniformly in (r, A) G I^4(/3-27r),27i • 

The arguments for the remaining terms are analogous to the ones in (56)-(59), 
so we obtain that they are all bounded by a constant times e~'^(^+'^). This completes 
the proof of this case. 



Finally, we have 
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10.9. The Case of ^^^^ IIX^ + Xlj<o II*X^. As in the previous Subsection 10.5 
we use Lemmas 9.3 and 9.5, and summation by parts. We begin with the sum for 
j > 0. Since S < ^ < ^ — 6, we can write 



j>0 

i+l—S 

iM2/3-27r)^g-(2/3-7r)i±i_)^ij ^g-27rifc/» / ' ^^2 _^ _^ g(iT+(2/3-7r)-(2fc+l)7r)^ 
,-^n Vi._i J& 



j>0 ^k=l 



= A + B. 

Now we only sketch the details. In order to evaluate A we apply Lemma 9.3 
with R = 2/3 ~ 71 and S = {2k + l)7r, k — 1, . . . , N. In order to evaluate B we use 
summation by parts (see 60) and argue as in Subsection 10.5 This concludes the 
proof of Proposition 7.3. □ 



11. Completion of the Proof of Proposition 9.1. 

In this final section we complete the proof Proposition 9.1. 

End of the proof of Proposition 9.1. We are in a position now to conclude the proof 
of Proposition 9.1, modulo proving the lemmas from Section 9. We shall also prove 
those lemmas at this time (after the proof of the proposition). Using Lemmas 9.2 
through 9.5 we obtain that 

^{1-11 + III)X^ + ^^^*)'^^ 

j>o j<-l 
^ih{R+S)+R/2 



^e-^['^+«+^](l + V^+(r,A)) 



2(e«/2 - A)2(iT + i? + ,5)2' 

-iIi(h'+S) + 'S-ir]/2 
^ih{R-S)-S[S-R-iT]+R/2 



(64) 
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+ 



(e«/2 -X)(ir + R + Sf {eis-ir]/2 _x){iT-R- S)^ 

^ih{R+S) p-[iT+S]/2 

+ 2(A - e-[-+^l/2)2(^r + R + Sy^ '^^^ 

g-i/i(_R-5)+5[iT-R+5]-i?/2 

+ 2(e-[-+5]/2_;,)2(e-i?/2_;^)2^3 ^) 

^ V(e-^/2-A)(iT-i?-5)3 ~ (e-i'r+s]/2_x)(ir + R + S)^ ) ' 

Previously we have alluded to a certain cancellation of the cubic terms. We 
expect this because the worm domain is locally like a product and the kernels for 
such domains have degree- two singularities (see [APF]). Thus no terms with third- 
order singularity should be present. Now we concentrate on the cubic terms and 
calculate to confirm this expectation. 

Notice that 

1 1 



-X){iT-R-Sy {d'^-ir]/2 _ A) (ir - i? - 5)3 

I ^[S-iT]/2 _ g-fl/2 



{ir-R- Sf (e-«/2 - A)(eI5-^^/2 _ x) 

e[g-^^]/V-(r) 

2{iT -R- 5)2(e-R/2 - A)(e[^-^^/2 - A) ' 



(66) 



Analogously, 

1 1 



(e^/2 -X){iT + R + {e-ii^+sy^ -X){iT + R + S)^ 



g-[ir+S]/2^+(^) 



2{iT + i? + 5)2(e«/2 - A)(e-[^^+^l/2 - A) 

where, in the last two displays. 



(67) 



1 - 

i^Ur) = E(iT ±(R + S)) , with E(x) = — . (68) 

x/2 
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Now we plug formulas (66), (67) into (65) and factor common powers once again. 
In total, we finally obtain that the sum on the lefthand side of (65) equals 



^ih{R+S)-S[iT+R+S] 

{iT + R + sy 



■(l + ^+(r,A)) 



+ 



2(e«/2 - A)2 

(l + z^,-(r,A))+ ^^^"^ 



2(A - e-\ir+s\i2Y 



+ 



-ih{R+S)-&\R+S-iT\ 

{ir-R- 5)2 

g-i?/2 



,[S-iT]/2 



+ 



2(e[5-ir]/2 _ 

(l + V'r(r,A)) 



+ 



+ 



rV'3+(r,A) 



2(A - e-^/2)2 

^ih{R-S)-S[S-R-iT]+R/2 

2{els-ir]/2 _ xy{e^/^ - Xy' 

^-ih{R-S)+S[iT-R+S]-R/2 
2(e-[ir+5]/2 _ A)2(e-«/2 - A)2^^ 



2(e«/2-A)(e-[^^+«l/2-A) 
(1 + V2+(t,A)) 

2(e-^/2_ A)(e[5-^^l/2- A) 



(69) 



If we set 5 = now, we obtain the expression of the sum as in the statement of 
Proposition 9.1. 

Finally, notice that from (68) it follows at once that 



|V4^(r,A)|<CMe±(^+^)/^ 



This proves Proposition 9.1. 



(70) 
□ 



Finally, we need to prove Lemmas 9.2-9.5. 



Proof of Lemma 9.2. We have 

J ^ ^^h{R+S)^-R^^-5\^r+R+S^ \ C - 5h + 5"^ _ h - 25 ^ 



iT + R + S (iT + R + Sy {ir + R + Sf 



and 

2 

III = -e" 



.ih(R+S)-SlR+S-iT] J-^[iT-S]f f i + 1 , A 1 

\\ 2 ^ J iT-L 



R-S 



2 J\iT-R-S (ir-R-S) 
c b 2 

+ I -■ 7^ ^ + 7^ 



ir-R-S (ir-R-Sy (ir-R-Sy 
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Therefore, recalling that b = 2ih — {j + l)/2 and c = —h^ — ih{j + l)/2, we see that 
/ + /// 



^ ^ih{R+S)-S[iT+R+S]^ 



S — ih 



+ 



ir + R + Sy iT + R + S 
2 2{S-ih) {5-ihf \ 

ir + R + Sf ^ {ir + R+ Sf ^ IT + R + S ) 



^Ht-S\ f „-ih(R+S)-S\R+S-iT] j + V 6 + ih 



e 2 



1 



ir-R-S (ir-R-Sy 



_|_ g-i/i(il+S)-5[R+S-iT] 



2(5 + i/i) 



+ 



iT-R-S {iT-R-Sy {iT-R-Sf 
Applying the summation formulas (46) to our last expression we obtain for 



that is for (r, A) e Vr^Si that 

j>Q 



< 1 and |e[^"-^J/2A| < 1 , 



2(e«/2 - A)2 
1 

+ 
+ 



- A 

g[5-iT]/2 



^i/i(J?+5)-<5[jT+ii+5] 



,i/i(il+5)-5[ir+il+5] 



/ 1 6-ih 

\{iT + R + Sy ^ ir + R + S 
f 2 2((5 - i/i) \ 

\{iT + R + Sf ^ (ir + + 5)2 ^ ir + R + S J 



ih{R+S)-5[R+S-iT\ 



5 + ih 



ih{R+S)-6[R+S-iT] 



We have 

j>0 

^ih{R+S)-5[iT+R+S]+R/2 



[iT-R-Sy ir-R-S 
2 2{5 + ih) 



{ir-R-Sy {ir-R-Sy ' ir-R-S 



+ - 



+ 



2(e-R/2 - A) 2 

^ih{R+S)-S[iT+R+S] 

e«/2 - A 



+ 



S — ih 



{ir + R + Sy ir + R + S 
2 



2(5 - ih) {s - ihy 



(iT + i? + 5)3 (ir + i? + 5)2 ir + i? + 5 



+ 



- -ill {N+S)-(Vh'+S-iT] + [S-ir] /2 

2(e[S-^^/2 - A)2 

g-i/i(i?+S)-(5[R+S-iT] 



() + ih 



{ir-R- Sy ir-R-S 



e[S-ir]/2 _ X 



+ 7T 



2{5 + ih) 



{6 + ihy 



(ir-R-S)^ (ir-R-Sy ir-R-S 
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(Later on we shall see that the terms here that are of cubic order will cancel with 
the cubic terms that come from summing j with j < 0.) 

Factoring out common powers, we may simplify our expression further and finally 
write 



J2{i + ni)x^ 

j>Q 

^ih(R+S)+R/2 



2(e«/2 - A)2(ir + i? + 5)2 

g-jh(i?+5) + [S-ir]/2 



e-^[^^+«+^l(l + V^+(r,A)) 



^ \ {eR/^-X){iT + R + S)^ " (e[s— ]/2_A)(^r-i?-5)3 J ' ^^^^ 

where 

^+ (r, A) ^{5- ih) {iT + R + S) 

+2(1 - e-^/'A) [2(5 - ih) + {S- ihfiiT + R + S)\ , 
^2+(t,A) ^ -{5 + ih){iT - R- S) 

+2(1 - e-[^-'^l/'A) [2(5 + ih) -{5 + ihf{iT -R-S)] . 



(72) 



Finally, the estimate for and follows at once from the explicit expressions 
(72) . □ 



In order to calculate the sum for // (Lemma 9.3), we need the following elemen- 
tary but somewhat tedious lemma, whose proof is, once again, postponed. 



Lemma 11.1. Let a > and 5 > be fixed. We let f{x) — {ae 
'^±{x) = e^'^^^f{x), and define 



A)-S 



Q±5{x) 



ihx — 1 



X 



+ 



X 



ih' - 5'){^^{x) - *±(0)) T S{e^''^f'ix) - /'(O)) 



(73) 



Then there exist entire functions Gf, . . . , Gf, independent of a and X, such that 



Q±s{x) 



2(Q;e-^/2 - A)2(q; - A)2 



[ae 



-x/2 



X){a - X)Gf{x) + {a- X)^Gf{x 



+ 



{a — X){ae 



_ 



A)^ 



■Gf{x) + aXGf{x) + XGf{x) + a^G^{x) 



a 



(74) 
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The proof of Lemma 11.1 occurs at the very end of this paper. 



Proof of Lemma 9.3. Using (42) we have that 

2 -, 



J + 1 



+ 
+ 



J + 1 



iT + R- S 
2 



ir + R-S {ir + R-Sy 
b 2 



+ 



iT + R-S {iT + R-Sy (iT + R-S)^ 
c + 6b + 6^ b ^ 2 



g(i±i-5)[ir+il-5] 



J[iT+R-S] 



ir + R-S {iT + R-Sy {iT + R-S)\ 
Therefore, recalhng that b = 2ih — (j + l)/2 and c = — /i^ — ih{j + l)/2, we see that 



77 ^ ^i^[iT-S]\^ih{R-S)-S[iT+R-S]i 



\( ih-S 



_|_ ^ih{R-S)-SliT+R- 



2 \tr + R-S {iT + R-S)\ 



iT + R~S {ir + R-Sy {tr + R- S}^ 



_ ih{R-S)+5[iT+R-S] -Ri 



+ 



2+1 f i + 1 



6 + ih 



[ir + R-Sy ir + R-S 



2{5 + ih) ^ {5 + ihy 



{ir + R-Sf {ir + R-Sy ir + R-S 
Applying the summation formulas (46) we obtain that, for 

|e-^/2A|<l and |el^^-^l/^A| < 1 , 
that is for (r. A) e Vrs, 

j>0 



2(e«/2 - A)2 
1 



+ 
+ 



- A 

g[5-iT]/2 
2(e[5-ir]/2 _ 

1 



h{R-S)+5[iT+R-S] 



,ih{R-S)+S[iT+R-S] 



5 + ih 



+ 7- 



1 



ir + R-S {ir + R-Sy 
2 2{5 + ih) 



{5 + ihf 

[ir + R-Sf {ir + R-Sy ' ir + R-S 



+ 



ih{R-S)-S[iT+R-S] 



1 



{6 + ih) 
[ir + R- Sy ^ ir + R-S 



ih{R-S)-S[iT+R-S] 



+ 



2{5 - ih) {5 - ih) 



+ - 



[ir + R-Sy {ir + R-Sy ir + R-S 

(75) 
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Notice that there is an apparent singularity as ir — > — (i? — 5*). We now analyze 
the terms containing negative powers of (ir+R—S) and show that they actually give 
rise to some cancellation. But we shall also see that there genuinely are singularities 
as ir ^ -(i? + S) and ir ^ {R + S). 

Temporarily, we introduce the notation 



X — IT + R — S, 



and 



,R/2 



SO that 



S-iT^R-x and e'^-^^J/^ ^ ae-^/^ 



We now show that the ostensible singularities in x = in fact all cancel out. Then 
we may rewrite the terms containing negative powers of {ir + R — S) (that is, of x) 
on the righthand side of formula (75) as 



,ih{R-S) 



2e' 



5x 



2e 



-Sx 



+ 



X^ 



2{ih - 5)6--^^ 



+ 



ae 



5x 



ae 



2{a-Xf 



2{S + ih)e^'= 
a — X 



+ 



X 



2(ae-^/2 - Xf 



ae 



Now if we set 



ae 



-/2 _ A 



and 



{8 + ih)ae^'' {6 + ihfe' 
2{a-Xy ^ 



a — X 



(76) 



Fix) 



-2&X 



then we see that we may rewrite the above expression (76) as e'^^^^~^^~^^^Qs{x), 
where Qs is given by (73). 

Next we use Lemma 11.1 to see that Qs is regular in a; = and to write 



Qs{x) = 



a 



2(Q;e-^/2 - A)2(q; - A)^ 



[ae 



-x/2 



A) (a - X)Gt{x) + {a- XfGt{x) 



+ (Q' ^^' gUx) + aXG+{x) + XG+{x) + a^G+{x) 



a 



where Gf, . . . , Gg" are the functions appearing in Lemma 11.1 and whose explicit 
expression is given in (85). 

Therefore the above expression (76) equals 

Ah{R-S)+S[iT+R-S]+R/2 
ih{R-S)+S[ir+R-S]Q (■ , D _ c^ _ W,+ rr X) 

e i^s[}r - ^^^[s-iT]/2 _ A)2(e^/2 - A)^^^ ^ ' ' ' 

where we have set 

cpnT)^GniT + R-S) , for j = l,...,6, (77) 
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and 

^^;t{r, A) = - A)(e^/^ - A)^+(r) + (e«/^ - A)Vr(r) 

+ (1 - e-^/2A)(e[^-^^l/2 - A) (r) + e^/^A^+(T) + A<^+(t) + e^<^6+(T) . (78) 

In view of the cancellation of negative powers of x — in other words, any de- 
pendency on X is in fact bounded and smooth — we may simplify formula (75) to 
obtain 

„ih{R-S)-S[S-R-iT]+R/2 

Recalling definition (78)), we write explicitly as 

^3+(r, A) = {e^s-'^y^ - A)(e^/' - X)Gt{iT + R-S) + (e^/' - A)'G+(iT + R-S) 
+ (1 - e-^/2A)2(e[^-^^]/2 - X)Gt{iT + R-S) + e^'/^XG+iir + R-S) 
+ \{a - \)Gtiir + R - S) + e^G+{ir + R-S), 

where G^, . . . , Gq are given in (85). Then, since these are entire functions, we have 
|^3+(r. A) I < CM(^e(^+^)/2|^+(-^ + ji_s)\+ e''l''\G\{%T ^R-S)\ 

+ e^/2|G'+(zT + - 5)1 + e^/^^IG^ir + - 5)| + |G'+(zt + - 5)|) 

+ e^|G+(2r + i?-5)|^ 

This proves Lemma 9.3. □ 



Proof of Lemma 9.4- Recall formula (42) and that b — 2ih — {j + l)/2 and c = 
-/i^ - ih(j + l)/2. We calculate: 

ir + R + S \iT + R + S (^T + i? + 5)2" " 



^ 2 2i/i-^ ^i/i(«/i-^j\ 



(iT + i? + 5)3 (ir + R + Sy ir + R + S 

ih{R+S)-6[ir+R+S] [ir+S] i±i 



g(i±i -5) (ir+R+S) 



2 2((^ - i/i) {S - ih) 



2 



{iT + R + Sf {ir + R + Sy (ir + R + S) 



j + l f 1 5-ih 
' +- 



2 V(^'^ + ^ + '^)^ ir + R + S 
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iir 



_^-ih{R+S)-5[R+S-iT]^Ri^ 



+ 



ih{ih - ^) + {2ih - i^)5 + ^2 



2 2ih-i^ + 25 

ir-R- Sy ~ [ir-R- Sf 
±2 

2 



iT-R-S 



_^-ih{R+S)-5[R+S-iT] gi? i±i 



2{5 + ih) {5 + ihf 



+ 



J + 1 



{ir-R-Sf {iT-R-Sf iT-R-S 
1 S + ih 



{iT-R-S)^ iT-R-S 



Now we must sum in j. Since 



J2 e''^>^' = 



j<-i 



and 



E 



-7/2 



2(A - e-^/2)2 ' 



when |e'''/^A| > 1, i.e. when |A| > e we have that 



{I* + III*)X^ 

i<-i 

1 



ih{R+S)-S[R+S-iT] 



A - e-«/2 

g-il/2 

+ 
+ 
+ 



+ 



2{6 + ih) {6 + ihy 



iT-R-S)^ {iT-R-Sf iT-R-S 



2(A - e-«/2)2 
1 

g-[iT+S]/2 

2(A - e-[^^+^l/2)2 



-ife(i?+5)-<5[i?+S-iT] 



+ 



S + ih 



{iT-R-Sy iT-R-S 
h(R+s)-s[iT+R+s] ( 2 2((5-i/t) ((^-^/^)^ 

V(ir + i? + 5)3 (iT + i? + 5)2 iT + i? + 5 

/i(iJ+S')-5[ir+R+S'] / \ , 5 -ih 

\{iT + R + Sy iT + R + S 
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Therefore, factoring common denominators, we we may simplify the above ex- 
pression and obtain that 



J2 {I* + iin>'^ 

j<-i 



= e 



-ih{R+S)-5lR+S-iT] 



-R/2 



+ 



1 



2{d + ih) {S + ihy 



(iT-R-sy {iT-R-sy iT-R-s 

5 + ih 



2(A - e-R/2)2 [(iT-R-Sy iT-R- S 



+ e 



+ 



ih{R+S)-S[iT+R+S] 
g-[iT+S]/2 

2(A - e-['^+^l/2)2 

^-ih{R+S)-R/2 



! ! 



^ 2{S-ih) ^ {5-ihf 



{ir + R + Sy {ir + R + Sy iT + R + S_ 
S — ih 

+ - 



2(A-e-^/2)2(ir-i?-5) 

^ih{R+S)^-[iT+S]/2 



{ir + R + Sy ir + R + S 

e-^[^+^-^^](l + ^r(^, A)) 



+ 
+ 



2(A - e-[-+^l/2)2(,r + R + Sr ^ ' 

2^-ih{R+S)-5[R+S-iT] 2e*'^(-^+'^)~'^[*''+-^+'^] 



;e-«/2 - A) (ir - - 5)3 {e-i'r+s]/2 _X){ir + R + J ' 



(80) 



where 



^-(r,A) = -(5 + i/i)(iT-i?-,S) 

+2(e-^/'A - 1) [2(5 + i/i) -{S + ihf{iT -R-S)] , 
^- (r. A) = (5 - i/i) (ir + i? + S) 

+2(Ae[^^+^l/' - 1) [2(5 - ih) + (5 - «/i)2(iT + + -S)] 



(81) 



Finally, the estimate for ip^ and ip2 follows at once from the explicit expressions 
above. □ 
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Proof of Lemma 9. 5. Recalling formula (42) , for the term //* we have 
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+ 



2{5 -ih) + if {5- ihf + (5 - ih)i^) 



{iT-R + Sf (ir-R + S) 



+ 



+ 



+ 



(iT-R + S) ' \iT-R + S {iT-R + Sy 
2 2ih-2±L ^ ih{ih - 2^) 



{iT-R + S) 

J + 1 



-5[iT-R+S] 



(iT-R + S)^ (ir-R + S)^ ir-R + S 



2 

j- 

gV 2 



6 



{i^+S)[iT-R+S] 



} 



^ih{S-R)-SliT-R+S] „Ri^ 



2{S-ih) {5 -ihf 



+ 



J + 1 



{iT-R + Sf {ir-R + Sy ir-R + S 
S — ih 



+ - 



[ir-R + Sy ir-R + S 



^ih{S-R)+S[iT-R+S]^liT+S] i±i 



2(5 + ih) 



{S + ihy 



+ 



J + 1 



{ir-R + Sy ir-R + S 



[ir-R + Sy {ir-R + Sy ir-R + S 
^_ (S + ih) 



Now we must sum in j. Since 
j<-i 



A - e-V2 



and 



E 



j + 1 -ytt^.i 



-7/2 



2(A - e-^/2)2 ' 



when |e'^/^A| > 1, i.e. when |A| > e we have that 

1 



A - e-«/2 

g-i?/2 



^-ih{R-S)-S[iT-R+S] 



2{5-ih) 



{5 - ihy 



+ 
+ 
+ 



2(A - e-«/2)2 
1 

\ _ e-[ir+5]/2 
g-[ir+5]/2 

2(A - e-[^^+^l/2)2 



^-i;i(iZ-5)-<5[jT-il+5] 



ir-R + Sy {ir-R + Sy ir-R + S 
/ 1 5-ih 



^-ih{R-S)+S[iT-R+S] 



\{ir-R + Sy ir-R+S 
2 2{5 + ih) 



{5 + thy 

[ir-R + Sy {ir-R + Sy ' ir-R + S 



+ 



-ih{R-S)+S[iT-R+S] 



1 



6 + ih 



[ir-R + Sy ir-R + S 



(82) 



Our purpose, as in the proof of Lemma 9.3, is to examine the singularity of the 
kernel as ir — R + S ^ 0. As in the analogous case of the sum for j > 0, some 
cancellation occurs. 
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Proceeding in a manner similar to our earlier calculation, we temporarily intro- 
duce the notation 

X ^ir - R + S , and a = e~^^^ , 

so that 

ir + S = x + R and e-'^^+^l/^ = ae^^/^ 

As before we let f{x) = [ae'^l'^ — X)~^ but now = e^^^ fix). Then we see 

that the sum of the terms containing negative powers of x equals e^'^^'^^'^^'^^^Q-^ix)., 
where Q^^ is defined in (73). Arguing as in the case j > 0, by Lemma 11.1 we 
obtain that the sum of the terms containing the negative powers of ir — + 5* on 
the righthand side of (82) equals 

-ih(R-S)+h{iT-R^S\-Rj1 

where we have set 

ipjiT)^GjiiT-R + S) for j = l,...,6, (83) 

and 

^3-(r, A) = {e-^^r+s]/2 _ ^^^^-R/2 _ ^)^-(^) 

+ (e-«/2 - A)V2-(r) + (1 - e^/^A)(e[-+^]/^ - A)V3 W 

+ e-«/2 A^r (r) + A(^5- (r) + e'^^e (r) • (84) 

Therefore, using the argument above, we may simplify the expression (82) and 
obtain that 

^-ih{R-S)+S[iT-R+S]-R/2 

,1^1 " 2(e-[^^+51/2 - A)2(e-«/2 - A) ' 
Next, recalling that G^, . . . , Gq are defined in (85), we have that 

li^sir, X)\<CM(^\G^{iT-R + S)\ + \G^{iT-R + S)\+ e^+'^^''\G^ {ir -R + S)\ 
+ \G^{ir -R + S)\ + \G^{ir-R + S)\ + e-^lQ (ir -R + S)\ 

<CM(e^+^(2^+i/2)+e2«) . 
This proves Lemma 9.5. □ 
Finally we prove Lemma 11.1. 

Proof of Lemma 11.1. For simplicity of notation, we provide the details for (^+5 
only. We write F in place of 
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We begin by noticing that 
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^FM-F(0)^2 

X ^ 



X 



-25x 



■25x 



1 



l)f{x) + f{x)-f{Q)) 



x/2 



fix) + 2 



X 



and that 



F'{x) + F'(0) = e-^'^ l^fix) - 26f{x)j + +/'(0) - 25/(0) 

= {e-''^ - I) fix) + (fix) + fiO)) - 25{e-''^fix) + /(O)) 

Therefore 

Fix) -FiO) 



X 



(F'ix) + F'iO)) 



= 2:^^^L^ - (fix) - /'(O)) + 



-25a; _ 



= 2 



X • ■ - . w 

+ 2S{e-''^fix) + m) 

m - m 



fix)-ie-''^-l)fix) 



(fix) - m) + 



25x 



+ 25e-2'5^ + 25 ]fix 



-{e-''^-l)fix)-25{fix)-fi0)) 

'^^•'■^ -^^''^ (fix) - /'(O)) + ( '—^ + 25e-^^^^ + 25 ]fix) 



X 



x/2 



_ _ 1 + 2<5x)/'(x) - 2(5x(^^^^^LM _ /'(a;)^ 

= ^1 + A2 + A3 + A4 . 

While A2 and ^3 have simply expressions, we need to manipulate Ai and ^4 to 
obtain some simplifications. Setting ^'1(2:) = — e~^/^ — 1, we have that 



a 



1 - e-''"'/2 



(ae-^/2-A)(a-A) V a;/2 



-a;/2 



2(ae--/2_A)2 2(a - A)^ 



2(Q;e-^/2- A)(a- A) 
q; 

2(Q;e-^/2- A)(q;- A) 
a 

2(Q;e-^/2 - A)2(q; - A)^ 



2 +^ + 



a;/2 



ae~ 



"^/^ - A a - A 



ae 



^/2_ A 



-/2 _ X 



a — \ 



*i(x)(ae-^/2 - A)(a; - A) - aA(l - e"^/')' 
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Next, 



-28x 



a 



2(Q;e-^/2- A)(a-A) V x/2 



,-x/2 



ae 



-x/2 



aSx 



(Q;e-^/2 - A) 

(\d.r 



-x/2 



x/2 



+ 



2(Q;e-^/2 - A)2 
Q,(e-^/2 - 1) 



a 



A ' {a - A)(Q;e-^/2 - A) ~ ae'^/^ - A_ 



(Q;e-^/2 - A)2(q; - A) 



x/2 



0( 



ae 



-x/2 



A) + 



-x/2 



l)A 



Now we turn to the second summand in (73). It holds that 



F(x)-F(0) = (e-2''^-l)— : 



+ 



a 



ae 



/2-A (Q;e-^/2 - A)(a- A) 



(1 



-x/2 



) 



(Q;e-^/2- A)(q;- A) 



(e-2^--l)(a-A)+a(l-e--/2) 



and 



e-^'^f{x) - /'(O) = - 1) 



ae 



-a;/2 



+ 



a{e' 



-x/2 



1) 



2(Q;e-^/2 - A)2 2(o;e-^/2-A) 



+ 



a 



(e-^/2_i)(ct(e-"/2^1) + 2A) 
2(Q,e-^/2_ A)2(a- A)2 



a 



x/2^^-2Sx 



l){a-Xf 



2(Q;e-^/2 - A)2(q; - A)2 
+ - 1) (a - A)2 + a(l - e^/^) (^(e-^/^ + 1) + 2A) 
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Therefore 
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a 



2(Q;e-^/2 _ a)2(q, - A)2 \ x2 

-2flT 



ihx — 1 



*i(x)(ae-"/2 - A)(a - A) - a\{l - e""/") 



x/2\2 



+ 2 



x/2 
1 - 



a 



- 26x[ 1 _x)[a-\) + 5a; (e^^/^ _ ^^^(a - A) 



1 

+ - 

X 



x/2 



a 



+ 5(^e-^/\e-'''^ -!)(«- A)^ + (e-^/^ -!)(«- A)^ + a(l - e-^/^) (^(e-^/^ + 1) + 2A) 

- A) (a - A)G'i(x) + (a - A)2G'2(x) 



2(Q;e-^/2_ A)2(a- A)2 

(a-A)2(ae-^/2-A) 



+ 



G3(x) + a\Gi{x) + A(q; - A)G'5(x) + a^GQ{x) 



where Gi, . . . ,Gq arc entire functions of independent of a and A. Exphcitly, 
recaUing the dependence on the choice of the sign in front of 5, they are given by 



GUx) = 



x^ 
ihx — 1 



x/2 

-e-^/2(e^2^^-l±25a;) 



x/2 

±5e-^/2(£ ^ + - 



x/2 



x/2 



Gi{x)=2 



x^ 

ihx - 1 / e^^^'' - 1 . o.. A ,,o .o. eT2<5x_;^ 



X 



x^ 



x/2 



x/2 



Ahx — 1 



X 



Gf{x)^T2S—^{e-^/'-l) 
Gi{x)^±5 . 



That completes the proof of Lemma 11.1. 



^5) 
□ 
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12. Concluding Remarks 

We have provided a rather complete analysis of the Bergman kernel for the 
non-smooth worms Dp and D^. Our work has been facilitated by the fact that 
the boundaries of these domains are Levi flat, hence they are qualitatively like 
product domains (and our resulting formulas reflect this structure). Another way 
to look at this is that the domains Dp and D'^ possess many more symmetries 
with respect to the smooth worm W/3, since the translations in the real part of zi, 
(-21, Z2) — > {zi + a, Z2) with a G M, are automorphisms of both Dp and D'p. 

It is a matter of considerable interest to perform the analogous analysis on the 
smooth worm Wp. That work will be of a different nature, for the boundary of 
Wp is strongly pseudoconvex at all points except those on a singular annulus in the 
boundary. There certainly is no "product structure" . We hope to complete such an 
analysis in a future paper. 

The results that we present provide a new way to view the negative results of 
Kiselman, Barrett, and Christ about mapping properties of the Bergman projection 
on worm domains. We hope that they will serve as a stepping stone to future studies. 
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